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Classical Control

Topics covered:

Modeling. ODEs. Linearization. 
Laplace transform. Transfer functions. p
Block diagrams. Mason’s Rule. 
Time response specifications. 
Effects of zeros and poles. 
Stability via Routh-Hurwitz. 
Feedback: Disturbance rejection, Sensitivity, Steady-state tracking. 
PID controllers and Ziegler-Nichols tuning procedure. 
Actuator saturation and integrator wind-up
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Actuator saturation and integrator wind up. 

Root locus. 
Frequency response--Bode and Nyquist diagrams. 
Stability Margins.
Design of dynamic compensators.

Classical Control

Text: Feedback Control of Dynamic Systems,
4th Edition,  G.F. Franklin, J.D. Powel and A. Emami-Naeini
Prentice Hall 2002.
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What is control?

Model → Relation between gas pedal and speed:
10 mph change in speed per each degree rotation of gas pedal
Disturbance → Slope of road:

For any analysis we need a mathematical MODEL of the system

0.5

w

Block diagram for the cruise control plant:

)50(10

5 mph change in speed per each degree change of slope

Slope
(degrees)
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What is control?
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Open-loop cruise control:
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OK when:
1- Plant is known exactly
2- There is no disturbance
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What is control?

w

Closed-loop cruise control:
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What is control?

Feedback control can help:

• reference following (tracking)
• disturbance rejectiondisturbance rejection
• changing dynamic behavior

LARGE gain is essential but there is a STABILITY limit

“The issue of how to get the gain as large as possible to reduce 
the errors due to disturbances and uncertainties without 
making the system become unstable is what much of feedback 
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making the system become unstable is what much of feedback 
control design is all about”

First step in this design process: DYNAMIC MODEL
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Dynamic Models

MECHANICAL SYSTEMS:
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maF = Newton’s law
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Dynamic Models

MECHANICAL SYSTEMS: αIF = Newton’s law
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Dynamic Models
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Reduce to first order equations:
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Dynamic Models

ELECTRICAL SYSTEMS:

Kirchoff’s Current Law (KCL):

The algebraic sum of currents entering a node is zero at 
every instantevery instant

Kirchoff’s Voltage Law (KVL)

The algebraic sum of voltages around a loop is zero at 
every instant

iR iC iL
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Resistors:
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Capacitors:

Inductors:
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Dynamic Models

ELECTRICAL SYSTEMS:
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To work in the linear mode we need FEEDBACK!!!

Dynamic Models

ELECTRICAL SYSTEMS:
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Inverting integrator
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Dynamic Models
ELECTRO-MECHANICAL SYSTEMS: DC Motor

atiKT =

armature currenttorque

meKe θ&=

shaft velocityemf

+= TbJ θθ &&&
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Obtain the State Variable Representation

Dynamic Models
HEAT-FLOW: 
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Dynamic Models
FLUID-FLOW: 

outin wwm −=&

Mass rate Mass Conservation law

Outlet mass flowInlet mass flow

( )outin wwhhAm −=⇒= ρ 1&&&
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( )outinAρ
ρ

A: area of the tank
ρ: density of fluid
h: height of water

Linearization

( )uxfx ,=&Dynamic System:

( )oo uxf ,0 = Equilibrium( )oof

Denote oo uuuxxx −=−= δδ ,

( )uuxxfx oo δδδ ++= ,&

Taylor Expansion

ff ∂∂
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Linearization
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Example: Pendulum with friction 0sin =++ θθθ gk &&&
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Example: Pendulum with friction 0sin =++ θθθ
lm

x
m
kx

l
gx

ox
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−−=

1cos
10

&

• Function f(t) of time
– Piecewise continuous and exponential order 

Laplace Transform

btKetf <)(
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– 0- limit is used to capture transients and discontinuities at t=0
– s is a complex variable (σ+jω)
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• There is a need to worry about regions of convergence of the integral

– Units of s are sec-1=Hz
• A frequency

– If f(t) is volts (amps) then F(s) is volt-seconds (amp-seconds)
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Laplace transform examples
• Step function – unit Heavyside Function 

• After Oliver Heavyside (1850-1925)
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• After Oliver Exponential (1176 BC- 1066 BC)
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• Delta (impulse) function δ(t)

++0 0 0
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Laplace Transform Pair Tables
Signal Waveform Transform
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cosine

damped sine

damped cosine
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Laplace Transform Properties
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Linearity: (absolutely critical property)
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s-domain translation:
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Final Value Property: )(lim)(lim
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If all poles of F(s) are in the LHP 
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Laplace Transform Properties
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Laplace Transform

Exercise: Find the Laplace transform of the following waveform
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( )40+s
Exercise: Find the Laplace transform of the following waveform
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Laplace transforms
Linear
system

Differential Laplace Algebraicdo
m
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n)

Complex frequency domain
(s domain)

equation

Classical
techniques

transform L equation

Algebraic
techniques
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• The diagram commutes
– Same answer whichever way you go

Response
signal

Inverse Laplace
transform L-1

Response
transform

Solving LTI ODE’s via Laplace Transform
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For a given rational U(s) we get Y(s)=Q(s)/P(s)
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Laplace Transform

Exercise: Find the Laplace transform V(s)
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Exercise: Find the Laplace transform V(s)
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What about v(t)?

Transfer Functions
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Rational Functions

• We shall mostly be dealing with LTs which are rational 
functions – ratios of polynomials in s
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• pi are the poles and zi are the zeros of the function

• K is the scale factor or (sometimes) gain
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• A proper rational function has n≥m
• A strictly proper rational function has n>m
• An improper rational function has n<m

Residues at simple poles
Functions of a complex variable with isolated, 
finite order poles have residues at the poles
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Residue at a simple pole:
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Residues at multiple poles
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Compute residues at poles of order r:
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Residues at complex poles

• Compute residues at the poles

• Bundle complex conjugate pole pairs into second-order terms if 

)()(lim sFas
as

−
→

you want

• but you will need to be careful

• Inverse Laplace Transform is a sum of complex exponentials
Th ill b l

( )[ ]222 2))(( βααβαβα ++−=+−−− ssjsjs
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• The answer will be real
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Inverting Laplace Transforms in Practice

• We have a table of inverse LTs
• Write F(s) as a partial fraction expansion

b sm + b sm−1 + + b s+ b

  

F(s) = bms + bm−1s +L+ b1s+ b0
ansn + an−1sn−1 +L+ a1s+ a0

=K (s− z1)(s− z2)L(s− zm)
(s− p1)(s− p2)L(s− pn )

=
α1

s− p1( )
+

α2
s− p2( )

+
α31

(s− p3)
+

α32

s− p3( )2
+

α33

s− p3( )3
+ ...+

αq

s− pq( )
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• Now appeal to linearity to invert via the table
– Surprise!
– Nastiness: computing the partial fraction expansion is best 

done by calculating the residues

Example 9-12

• Find the inverse LT of 
)52)(1(

)3(20)( 2 +++

+=
sss

ssF

)(
*
221 kkksF ++=

21211
)(

jsjss
sF

++
+

−+
+

+
=

π
4
5

2555
21)21)(1(

)3(20)()21(
21

lim2

10
1522

)3(20)()1(
1

lim1

j
ej

jsjss
ssFjs

js
k

sss

ssFs
s

k

=−−=
+−=+++

+
=−+

+−→
=

=
−=++

+
=+

−→
=

Classical Control – Prof. Eugenio Schuster – Lehigh UniversityClassical Control – Prof. Eugenio Schuster – Lehigh University 34

)()
4

52cos(21010

)(252510)( 4
5)21(

4
5)21(

tutee

tueeetf

tt

jtjjtjt

⎥⎦
⎤

⎢⎣
⎡ ++=

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
++=

−−

−−−++−−

π

ππ
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Not Strictly Proper Laplace Transforms

• Find the inverse LT of

– Convert to polynomial plus strictly proper rational function

34
8126)( 2

23

++

+++
=

ss
ssssF

• Use polynomial division

3
5.0

1
5.02

34
22)( 2

+
+

+
++=

++

+
++=

ss
s

ss
sssF
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• Invert as normal

)(5.05.0)(2)()( 3 tueet
dt

tdtf tt
⎥⎦
⎤

⎢⎣
⎡ +++= −−δδ

Block Diagrams

Series:
1G 2G

1G

2G

+

+

Parallel:

21GGG =
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21 GGG +=
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Block Diagrams
Negative Feedback:

G
-

+)(sR )(sE )(sC BRE
R

−= Error signal

Reference input

H)(sB
HCB
GEC

=
= Output

Feedback signal

)1(
)1(

GH
G

R
CGRCGHGHCGRC

+
=⇒=+⇒−=
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)(

)1(
1)1(
GHR

EREGHHGERE
+

=⇒=+⇒−=

Rule: Transfer Function=Forward Gain/(1+Loop Gain)

Block Diagrams
Positive Feedback:

G
+

+)(sR )(sE )(sC BRE
R

+= Error signal

Reference input

H)(sB
HCB
GEC

=
= Output

Feedback signal

)1(
)1(

GH
G

R
CGRCGHGHCGRC

−
=⇒=−⇒+=
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)(

)1(
1)1(
GHR

EREGHHGERE
−

=⇒=−⇒+=

Rule: Transfer Function=Forward Gain/(1-Loop Gain)
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Block Diagrams

Moving through a branching point:

G)(sR )(sCG)(sR )(sC G

G/1)(sB

G

)(sB

Moving through a summing point:

≡
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G
+

+)(sR )(sC

)(sB

G
+

+

G

)(sR )(sC

)(sB

≡

Block Diagrams

1H

Example:

1G
-

+)(sR )(sC
2G 3G+

2H

-

Classical Control – Prof. Eugenio Schuster – Lehigh UniversityClassical Control – Prof. Eugenio Schuster – Lehigh University 40

212321

321

1 GGHGGH
GGG
++

)(sC)(sR
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Mason’s Rule

6H

4H

1H
+

+)(sU )(sY
2H 3H+

5H

+
+

+

7H

+
+

Signal Flow Graph
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)(sU )(sY1H 2H 3H

4H

6H

5H 7H

1 2 3 4

nodes branches

Mason’s Rule
Path: a sequence of connected branches in the direction of the 
signal flow without repetition
Loop: a closed path that returns to its starting node
Forward path: connects input and output

∑ Δ
Δ

==
i

iiG
sU
sYsG 1
)(
)()(

gains) loop (all
tdeterminan system the 

path forward ith the of gain 

=

=Δ
=

∑

i

-

G

1
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path forward ith the touch not does that graph the of part the for  of value

touch not do that loops three possible all of products gain

touch) not do that loops two possible all of products gain

g )p(

Δ=Δ
+

−

+

∑
∑
∑

i

L

)(

(
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Mason’s Rule

)(sU )(sY1H 2H 3H

4H

6H

1 2 3 4)(sU )(sY

5H 7H

6244321

1)(
)(

HHHHHHHHHHHHHH
HHHHHHH

U
sY −+

=
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735156747362511)( HHHHHHHHHHHHHHsU +−−−−

Impulse Response

)()()(
0

tudtu =−∫
∞

ττδτDirac’s delta:

Integration is a limit of a sum g
⇓

u(t) is represented as a sum of impulses

By superposition principle, we only need unit impulse response

( )τ−th Response at t to an impulse applied at τ
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h )(ty)(tu

τττ dthuty )()()(
0∫
∞

−=

System Response:
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Impulse Response

h )(ty)(tu

τττ dthuty )()()( ∫
∞

−=

t-domain:

)()()()( thtyttu =⇒=δ
Impulse response 

Convolution: )()(})()({
0

sUsHdthu =−∫
∞

τττL

)(Y)(Us domain:

τττ dthuty )()()(
0∫=

The system response is obtained by convolving the input with 
the impulse response of the system.

)()()()( thtyttu =⇒=δ
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H

)()()( sUsHsY =

)(sY)(sUs-domain:

The system response is obtained by multiplying the transfer 
function and the Laplace transform of the input.

)()(1)()()( sHsYsUttu =⇒=⇒=δ
Impulse response 

Time Response vs. Poles
Real pole: teth

s
sH σ

σ
−=⇒

+
= )(1)( Impulse 

Response

1
Ti  C

0
0

<
>

σ
σ Stable

Unstable
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σ
τ 1
= Time Constant
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Time Response vs. Poles

Real pole:

tethsH σσσ −=⇒= )()( Impulse eth
s

sH σ
σ

=⇒
+

= )()(

σ
τ 1
= Time Constant

tety
ss

sY σ

σ
σ −−=⇒
+

= 1)(1)( Step 
R

Impulse 
Response
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ss σ+ Response

Time Response vs. Poles
Complex poles:

( )2

2

22

2

2
)(

ω

ωζω
ω

=

++
=

n

nn

n

ss
sH Impulse 

Response

( ) ( )222 1 ζωζω −++ nns

:
:

ζ
ωn Undamped natural frequency

Damping ratio

( )( )
2

)( n

jsjs
sH

ωσωσ
ω

−+++
=
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( )( )

( ) 22

2

d

n

dd

s

jsjs

ωσ
ω

ωσωσ

++
=

+++

21, ζωωζωσ −== ndn
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Time Response vs. Poles
Complex poles:

( ) ( ) ( )teth
s

sH d
tn

nn

n ω
ζ

ω
ζωζω

ω σ sin
1

)(
1

)(
2222

2
−

−
=→

−++
=

I l  Impulse 
Response

0>σ Stable
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0<σ Unstable

Time Response vs. Poles
Complex poles:

( ) ( ) ( )teth
s

sH d
tn

nn

n ω
ζ

ω
ζωζω

ω σ sin
1

)(
1

)(
2222

2
−

−
=→

−++
=

Impulse Impulse 
Response
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Time Response vs. Poles
Complex poles:

( ) ( ) ( ) ( )⎥
⎦

⎤
⎢
⎣

⎡
+−=→

−++
= − ttety

ss
sY d

d
d

t

nn

n ω
ω
σω

ζωζω
ω σ sincos1)(1

1
)( 222

2

Step 
Response
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Time Response vs. Poles

Complex poles:

2

22

2

2
)(

ω

ωζω
ω

++
=

n

nn

n

ss
sH

( ) ( )222 1 ζωζω −++
=

nn

n

s

( ) ( )nn

n

s

s

ζωζωζ

ωζ

1:1

:0
222

22

−++<

+=

CASES:

Undamped

Underdamped
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( )
( )[ ] ( )[ ]nn

n

ss

s

ωζζωζζζ

ωζ

11:1

:1
22

2

−−+−++>

+= Critically damped

Overdamped
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Time Response vs. Poles
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Time Domain Specifications
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Time Domain Specifications
1- The rise time tr is the time it takes the system to 
reach the vicinity of its new set point
2- The settling time ts is the time it takes the system 
transients to decaytransients to decay
3- The overshoot Mp is the maximum amount the 
system overshoot its final value divided by its final 
value
4- The peak time tp is the time it takes the system to 
reach the maximum overshoot point
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n

sp

n
r

n
p

teM

tt

ζω

ωζω
π

ζ

ζπ 6.4

8.1
1

21

2

==

≅
−

=

−
−

Time Domain Specifications

Design specification are given in terms of 

sppr tMtt ,,,

These specifications give the position of the poles

dn ωσζω ,, ⇒

Example: Find the pole positions that guarantee
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Example: Find the pole positions that guarantee

sec3%,10sec,6.0 ≤<≤ spr tMt
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Effect of Zeros and Additional poles

Additional poles:
1- can be neglected if they are sufficiently to the left 
of the dominant ones.
2- can increase the rise time if the extra pole is within 2- can increase the rise time if the extra pole is within 
a factor of 4 of the real part of the complex poles.

Zeros:
1- a zero near a pole reduces the effect of that pole in 
the time response.
2- a zero in the LHP will increase the overshoot if the 
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zero is within a factor of 4 of the real part of the 
complex poles (due to differentiation).
3- a zero in the RHP (nonminimum phase zero) will 
depress the overshoot and may cause the step 
response to start out in the wrong direction.

Stability

01
1

1

01
1

1

)(
)(

asasas
bsbsbsb

sR
sY

n
n

n

m
m

m
m

++++
++++

= −
−

−
−

L

L

)())(()( 21 mzszszsKsY −−−
=

L

Impulse response: 

kkk

)())(()( 21 npspsps
K

sR −−− L

)()()()(
)(

2

2

1

1

n

n

ps
k

ps
k

ps
k

sR
sY

−
++

−
+

−
= L
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)()()(
)(1)(

2

2

1

1

n

n

ps
k

ps
k

ps
ksYsR

−
++

−
+

−
=⇒= L

tp
n

tptp nekekekty +++= L21
21)(
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Stability

We want: 

tp
n

tptp nekekekty +++= L21
21)(

nie t
tpi K10 =∀⎯⎯→⎯ ∞→      

Definition: A system is asymptotically stable (a.s.) if 

ipi ∀<     0}Re{
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0)(

)( 01
1

1

=

++++= −
−

sa

asasassa n
n

n LCharacteristic polynomial:

Characteristic equation:

Stability

Necessary condition for asymptotical stability (a.s.):

ia ∀> 0 iai ∀>     0

Use this as the first test!

If any ai<0, the the system is UNSTABLE!
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0)1)(2(
022

=−+
=−+

ss
ssExample:
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Routh’s Criterion

Necessary and sufficient condition
Do not have to find the roots pi!

Routh’s Array:

n

n

n

n

bbbs
aaas
aas

3
321

2
531

1
421

L

L

−

− na Depends on whether 
n is even or odd

761541321 aaabaaabaaab −−−
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n

n

n

as

dds
cccs

0

21
4

321
3

M

−

−

MM

L

L

L

,,

,,

,,

1

3131
2

1

2121
1

1

3151
2

1

2131
1

1

761
3

1

541
2

1

321
1

c
cbbcd

c
cbbcd

b
baabc

b
baabc

a
aaab

a
aaab

a
aaab

−
=

−
=

−
=

−
=

===

Routh’s Criterion

How to remember this?

Routh’s Array:

L

L

L

L

434241
3

333231
2

232221
1

131211

mmms
mmms
mmms
mmms

n

n

n

n

−

−

− ,

,

1,21,2

12,2

22,1

=

=

+−−

−

−

mm
mm

am

am

jii

jj

jj
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MMMM
434241

3,
1,1

1,11,1
, ≥∀−=

−

+−− i
m

mm
m

i

jii
ji
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Routh’s Criterion

The criterion:

• The system is asymptotically stable • The system is asymptotically stable 
if and only if all the elements in the first 
column of the Routh’s array are positive

• The number of roots with positive real 
parts is equal to the number of sign 
changes in the first column of the Routh 
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g
array

Routh’s Criterion - Examples

Example 1: 021
2 =++ asas

032
2

1
3 =+++ asasasExample 2:

Example 3:

0)6(5 23 =+++ kskssExample 4:

044234 23456 =++++++ ssssss
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0)6(5 =+−++ kskssExample 4:
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Routh’s Criterion - Examples

Example: Determine the range of K over which the 
system is stable

K
-

+)(sR )(sY
( )( )61

1
+−

+
sss

s
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Routh’s Criterion

Special Case I: Zero in the first column
We replace the zero with a small positive constant 
ε>0 and proceed as before. We then apply the p pp y
stability criterion by taking the limit as ε→0

Example: 010842 234 =++++ ssss
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Routh’s Criterion

Special Case II: Entire row is zero
This indicates that there are complex conjugate pairs. 
If the ith row is zero, we form an auxiliary equation , y q
from the previous nonzero row:

L+++= −−+ 3
3

1
2

1
11 )( iii ssssa βββ

Where βi are the coefficients of the (i+1)th row in the 
array. We then replace the ith row by the coefficients 
of the derivative of the auxiliary polynomial  
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Example: 02010842 2345 =+++++ sssss

of the derivative of the auxiliary polynomial. 

Properties of feedback

Disturbance Rejection:

wOpen loop

w

oKr +A
+ y

Closed loop

wArKy o +=
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cK
-

+r +A
+ y

w
AK

r
AK

AKy
cc

c

+
+

+
=

1
1

1
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Properties of feedback

Disturbance Rejection:

Choose control s.t. for w=0,y≈r

rwry
A

Kc =+≈⇒>> 01

wry
A

Ko +=⇒=
1Open loop:

Closed loop:

F db k ll  tt ti  f di t b  ith t 
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Feedback allows attenuation of disturbance without 
having access to it (without measuring it)!!!

IMPORTANT: High gain is dangerous for dynamic response!!!

Properties of feedback

Sensitivity to Gain Plant Changes

wOpen loop

w

oKr +A
+ y

Closed loop

o
o

o AK
r
yT =⎟
⎠
⎞

⎜
⎝
⎛=
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cK
-

+r +A
+ y

c

c

c
c AK

AK
r
yT

+
=⎟

⎠
⎞

⎜
⎝
⎛=

1
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Properties of feedback

Sensitivity to Gain Plant Changes

Let the plant gain be

AT δδ
AA δ+

A
A

T
T

o

o δδ
=

o

o

cc

c

T
T

A
A

AKA
A

T
T δδδδ

=<<
+

=
1

1

Open loop:

Closed loop:

Feedback reduces sensitivity to plant variations!!!
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dA
dT

T
A

AdA
TdTST

A ==
/
/Sensitivity:

Example: 1,
1

1
=

+
= oc T

A
c

T
A S

AK
S

y p

PID Controller
PID: Proportional – Integral – Derivative

P Controller:

pKsC =)(+)(sR )(sY)(sG)(sE )(sU,
)()(1

)()(
)(
)(

sGsC
sGsC

sR
sY

+
=

-

.
)()(1

1
)(
)(

)()(1)(

sGsCsR
sE

sGsCsR

+
=

+

)()(),()( sEKsUteKtu pp ==     

)0(1
11

)(1
1lim)(lim1)(

00 GKssGK
sssEe

s
sR

pp
ssss +

=
+

==⇒=
→→

Step Reference:
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pp

∞→⇔= )0(0 GKe pss
•Proportional gain is high
•Plant has a pole at the origin

True when:

High gain proportional feedback (needed for good tracking) 
results in underdamped (or even unstable) transients.
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PID Controller
P Controller: Example (lecture06_a.m)

pK
-

+)(sR )(sY
12 ++ ss

A)(sE )(sU

)1()(1
)(

)(
)(

2 AKss
AK

sGK
sGK

sR
sY

p

p

p

p

+++
=

+
=

12 += pn AKω 11
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Underdamped transient for large proportional gain
Steady state error for small proportional gain

12 =n

pn

ζω
0

12
1

2
1

⎯⎯ →⎯
+

==⇒ ∞→pK
pn AKω

ζ

PID Controller
PI Controller:

s
KKsC I

p +=)(
-

+)(sR )(sY)(sG)(sE )(sU

1)(

,
)()(1

)()(
)(
)(

sE
sGsC

sGsC
sR
sY

=

+
=

)()(,)()()(
0

sE
s

KKsUdeKteKtu I
p

t

Ip ⎟
⎠
⎞

⎜
⎝
⎛ +=+= ∫      ττ

0
)(1

1lim1

)(1

1lim)(lim1)(
000

=
⎟
⎠
⎞

⎜
⎝
⎛ ++

=
⎟
⎠
⎞

⎜
⎝
⎛ ++

==⇒=
→→→

sG
s

KKssG
s

KK
sssEe

s
sR

I
p

sI
p

ssss

Step Reference:

.
)()(1)( sGsCsR +

=
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⎠⎝⎠⎝ ss

• It does not matter the value of the proportional gain
• Plant does not need to have a pole at the origin. The controller has it!

Integral control achieves perfect steady state reference tracking!!!
Note that this is valid even for Kp=0 as long as Ki≠0
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PID Controller
PI Controller: Example (lecture06_b.m)
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sp ⎟
⎠

⎜
⎝

)(

DANGER: for large Ki the characteristic equation has roots in the RHP

0)1(23 =++++ AKsAKss Ip

Analysis by Routh’s Criterion

PID Controller
PI Controller: Example (lecture06_b.m)

0)1(23 =++++ AKsAKss Ip

Necessary Conditions: 0,01 >>+ AKAK Ip

This is satisfied because 0,0,0 >>> Ip KKA

AKs p
3 11 +

Routh’s Conditions:

>−+ 01 AKAK Ip
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PID Controller
PD Controller:
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Step Reference:
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)()(1)( sGsCsR +

=

Classical Control – Prof. Eugenio Schuster – Lehigh UniversityClassical Control – Prof. Eugenio Schuster – Lehigh University 77

PD controller fixes problems with stability and damping by adding 
“anticipative” action

∞→⇔= )0(0 GKe pss
•Proportional gain is high
•Plant has a pole at the origin

True when:

PID Controller
PD Controller: Example (lecture06_c.m)
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The damping can be increased now independently of Kp
The steady state error can be minimized by a large Kp
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PID Controller
PD Controller:

sKKsC Dp +=)(
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+)(sR )(sY)(sG)(sE )(sU

1)(

,
)()(1

)()(
)(
)(

sE
sGsC

sGsC
sR
sY

=

+
=

( ) )()(,)()()( sEsKKsU
dt

tdeKteKtu DpDp +=+=      

NOTE: cannot apply pure differentiation.
In practice,
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=
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sKD

is implemented as
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PID Controller

PID: Proportional – Integral – Derivative
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PID Controller: Example (lecture06_d.m)
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PID Controller: Ziegler-Nichols Tuning

• Empirical method (no proof that it works well but 
it works well for simple systems)
• Only for stable plants
• You do not need a model to apply the method• You do not need a model to apply the method

1)(
)(

+
=

−

s
Ke

sU
sY std

τ

Class of plants:
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1)( +ssU τ

PID Controller: Ziegler-Nichols Tuning

METHOD 1: Based on step response, tuning to 
decay ratio of 0.25.

T i  T bl

dd

d
I

d
p

d
p

tTtTKPID

tT
t

KPD

t
KP

50221:

3.0
,9.0:

:

===

==

=

τ

τ

τ
Tuning Table:
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dDdI
d

p tTtT
t

KPID 5.0,2,2.1: ===
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PID Controller: Ziegler-Nichols Tuning

METHOD 2: Based on limit of stability, ultimate 
sensitivity method.

uK
-

+)(sR )(sY)(sG)(sE )(sU

• Increase the constant gain Ku until the response 
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becomes purely oscillatory (no decay – marginally 
stable – pure imaginary poles)
• Measure the period of oscillation Pu

PID Controller: Ziegler-Nichols Tuning

METHOD 2: Based on limit of stability, ultimate 
sensitivity method.

T i  T bl

8
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,45.0:
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u
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u
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PTPTKKPID
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=

Tuning Table:
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82

du
d

u tP
t

K 4,2 ==
τ

The Tuning Tables are the same if you make:
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PID Controller: Integrator Windup

Actuator Saturates: 
- valve (fully open)
- aircraft rudder (fully deflected)

cu
(O t t f th  t ll )

u
(Input of the plant)
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(Output of the controller)

PID Controller: Integrator Windup

s
KK I

p +
-

+)(sR )(sY)(sG)(sE )(sUc )(sU

What happens? 
- large step input in r
- large e
- large uc → u saturates

ll b ll
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- eventually e becomes small
- uc still large because the integrator is “charged”
- u still at maximum
- y overshoots for a long time
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PID Controller: Anti-Windup
Plant without Anti-Windup:

Plant with Anti-Windup:
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PID Controller: Anti-Windup
In saturation, the plant behaves as:
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For large Ka, this is a system with very low gain and 
very fast decay rate, i.e., the integration is turned off.
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Steady State Tracking

The Unity Feedback Case

)(sC+)(sR )(sY)(sG)(sE )(sU)(sC
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1
1)(

)(1
!

)(

+=

=

k

k

s
sR

t
k
ttrTest Inputs: k=0: step (position)

k=1: ramp (velocity)

k=2: parabola (acceleration)

Steady State Tracking

The Unity Feedback Case
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Steady State Error:

ns
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Theorem
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Steady State Tracking
The Unity Feedback Case

li
kns −-

+)(sR )(sY)(sE
n

o

s
sG )(

Type n
System

)0(
lim

0
o

nsss Gs
e

+
=
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Steady State Error:

Type (n) Step (k=0)              Ramp (k=1)           Parabola (k=2)

Input (k)

111
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Type 0

Type 1

Type 2

pso KsGsCG +
=

+
=

+
→

1
1

)()(lim1
1

)0(1
1
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vso KsGssCG
1

)()(lim
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aso KsGsCsG
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)()(lim
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==
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∞ ∞

0

0 0

∞

Steady State Tracking

2)()(lim

1)()(lim
0)()(lim

2
0

0

==

==

==

→

→

nsGsCsK

nsGssCK
nsGsCK

sv

sp
Position Constant

Velocity Constant

Acceleration Constant2)()(lim
0

==
→

nsGsCsK
sa

n: Degree of the poles of CG(s) at the origin (the number of 
integrators in the loop with unity gain feedback)

• Applying integral control to a plant with no zeros at the 
origin makes the system type ≥ I
• All this is true ONLY for unity feedback systems
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• All this is true ONLY for unity feedback systems
• Since in Type I systems ess=0 for any CG(s), we say that 
the system type is a robust property.
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Steady State Tracking

The Unity Feedback Case
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Set r=0. 
Want Y(s)/W(s)=0.
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osksstssss s
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0100 →+→→∞→
=====−

Steady State Error: e=r-y=-y Final Value 
Theorem

Steady State Tracking
The Unity Feedback Case

)(sC
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+
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Steady State Output:

Type (n) Step (k=0)              Ramp (k=1)           Parabola (k=2)

Disturbance (k)
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Steady State Tracking
Example:

)(sW

wKI  to 1 type⇒≠ 0
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wKK IP to0type⇒=≠ 0,0

Root Locus
Controller
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Sensor

⇒= )()( sKDsC
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)(1)()()(1)( sKLsHsGsCsR ++

Writing the loop gain as KL(s) we are interested in tracking 
the closed-loop poles as “gain” K varies
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Root Locus
Characteristic Equation:

0)(1 =+ sKL

The roots (zeros) of the characteristic equation are the ( ) q
closed-loop poles of the feedback system!!!

The closed-loop poles are a function of the “gain” K

Writing the loop gain as
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mm
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1
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)(
)()( L
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nn asasassa ++++ −11)( L

The closed loop poles are given indistinctly by the solution of:

K
sLsKbsa

sa
sbKsKL 1)(,0)()(,0
)(
)(1,0)(1 −==+=+=+                

Root Locus

{ } { })()()(1 LKLsKL numdenrootszerosRL +=+=
when K varies from 0 to ∞ (positive Root Locus) or 

from 0 to -∞ (negative Root Locus)
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⎪
⎨
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K
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K
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Phase condition

Magnitude condition
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Root Locus by Characteristic Equation Solution

Example: K
-

+)(sR )(sY
( )( )110

1
++ ss

)(sE )(sU

)10(11)(
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2 Kss
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Closed-loop poles: 0)10(110)(1 2 =+++⇔=+ KsssL

101s 0=K
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Root Locus by Characteristic Equation Solution
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We need a systematic approach to plot the closed-loop poles 
as function of the gain K → ROOT LOCUS
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Root Locus by Phase Condition

Example: K
-

+)(sR )(sY
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iso 31+−=

belongs to the locus?

Root Locus by Phase Condition

o

o43.108o87.36

o45

o70.78

o90
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[ ] oooooo 18070.784587.3643.10890 −≈+++− iso 31+−=⇒ belongs to the locus!

Note: Check code lecture09_a.m
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Root Locus by Phase Condition

iso 31+−=
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We need a systematic approach to plot the closed-loop poles 
as function of the gain K → ROOT LOCUS

Root Locus
{ } { })()()(1 LKLsKL numdenrootszerosRL +=+=

1

when K varies from 0 to ∞ (positive Root Locus) or 
from 0 to -∞ (negative Root Locus)

Basic Properties:

• Number of branches = number of open-loop poles 
• RL begins at open-loop poles

0)(0 =⇒= saK

0)()(1)(0)(1 =+⇔−=⇔=+ sKbsa
K

sLsKL
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• RL ends at open-loop zeros or asymptotes

• RL symmetrical about Re-axis
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Root Locus

Rule 1: The n branches of the locus start at the poles of L(s)
and m of these branches end on the zeros of L(s).
n: order of the denominator of L(s)
m: order of the numerator of L(s)m: order of the numerator of L(s)

Rule 2: The locus is on the real axis to the left of and odd 
number of poles and zeros.
In other words, an interval on the real axis belongs to the 
root locus if the total number of poles and zeros to the right 
is odd.
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This rule comes from the phase condition!!!

Root Locus

Rule 3: As K→∞, m of the closed-loop poles approach the 
open-loop zeros, and n-m of them approach n-m asymptotes 
with angles

1,,1,0,)12( −−=
−

+= mnl
mn

ll K     πφ

and centered at

11011 −− ∑∑ mnlab zerospoles
α
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= ∑∑ mnl
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K    α
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Root Locus

Rule 4: The locus crosses the  jω axis (looses stability) where 
the Routh criterion shows a transition from roots in the left 
half-plane to roots in the right-half plane.

Example:

)54(
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5,20 jsK ±==

Root Locus

Example:
4673

1)( 234 ++++
+

=
ssss

ssG
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Root Locus

Design dangers revealed by the Root Locus: 

• High relative degree: For n-m≥3 we have closed loop 
instability due to asymptotesinstability due to asymptotes.

• Nonminimum phase zeros: They attract closed loop poles 
into the RHP

4673
1)( 234 ++++

+
=

ssss
ssG
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1
1)( 2 ++

−
=

ss
ssG

Note: Check code lecture09_b.m

Root Locus

Viete’s formula: 

When the relative degree n-m≥2, the sum of the closed loop 
poles is constantpoles is constant

∑−= poles loop closed1a

mm
mm bsbsbssbsL ++++

== −
−

1
1

1
1)()( L
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Phase and Magnitude of a Transfer Function
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The factors K, (s-zj) and (s-pk) are complex numbers: 
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Phase and Magnitude of a Transfer Function
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Now it is easy to give the phase and magnitude 
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y g p g
of the transfer function:
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Phase and Magnitude of a Transfer Function
Example: ( )( ) )20(51
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Root Locus- Magnitude and Phase Conditions

{ } { })()()(1 LKLsKL numdenrootszerosRL +=+=
when K varies from 0 to ∞ (positive Root Locus) or 

from 0 to -∞ (negative Root Locus)
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Root Locus

Selecting K for desired closed loop poles on Root Locus: 

If so belongs to the root locus, it must satisfies the 
characteristic equation for some value of Kcharacteristic equation for some value of K

Then we can obtain K as 

K
sL o

1)( −=

1
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Root Locus

Example: ( )( )51
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sys=tf(1,poly([-1 -5]))
so=-3+4i
[K,POLES]=rlocfind(sys,so)

Using MATLAB:
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Root Locus
Example: ( )( )51
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When we use the absolute value formula we are assuming 
that the point belongs to the Root Locus!

Root Locus - Compensators

Example: ( )( )51
1)()(

++
==

ss
sGsL

Can we place the closed loop pole at so=-7+i5 only varying K?
NO W  d  COMPENSATORNO. We need a COMPENSATOR.
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The zero attracts the locus!!!
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Root Locus – Phase lead compensator

Pure derivative control is not normally practical because of the 
amplification of the noise due to the differentiation and must 
be approximated:

( )( ) zpzssGsDsL >
+

==     ,1)()()(

zp
ps
zssD >

+
+

=      ,)( Phase lead 
COMPENSATOR

When we study frequency response we will understand why 
we call “Phase Lead” to this compensator.
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How do we choose z and p to place the closed loop pole 
at so=-7+i5?

Root Locus – Phase lead compensator
Example:

Phase lead 
COMPENSATOR
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Root Locus – Phase lead compensator
Example:

Phase lead 
COMPENSATOR
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Root Locus – Phase lead compensator

Selecting z and p is a trial an error procedure. In general:

• The zero is placed in the neighborhood of the closed-
loop natural frequency, as determined by rise-time or p q y, y
settling time requirements.
• The poles is placed at a distance 5 to 20 times the 
value of the zero location. The pole is fast enough to 
avoid modifying the dominant pole behavior.

The exact position of the pole p is a compromise between:

• Noise suppression (we want a small value for p)
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• Compensation effectiveness (we want large value for p)
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Root Locus – Phase lag compensator
Example: ( )( )51
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What can we do to increase Kp? Suppose we want Kp=10.
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Phase lag 
COMPENSATOR
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Root Locus – Phase lag compensator
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Root Locus – Phase lag compensator

Selecting z and p is a trial an error procedure. In general:

• The ratio zero/pole is chosen based on the error 
constant specification.p
• We pick z and p small to avoid affecting the dominant 
dynamic of the system (to avoid modifying the part of 
the locus representing the dominant dynamics)
• Slow transient due to the small p is almost cancelled 
by an small z. The ratio zero/pole cannot be very big.

The exact position of z and p is a compromise between:

Classical Control – Prof. Eugenio Schuster – Lehigh UniversityClassical Control – Prof. Eugenio Schuster – Lehigh University 125

• Steady state error (we want a large value for z/p)
• The transient response (we want the pole p placed far 
from the origin)

Root Locus - Compensators

Phase lead compensator: pz
ps
zssD <

+
+

=      ,)(

pz
ps
zssD >

+
+

=      ,)(Phase lag compensator:

We will see why we call “phase lead” and “phase lag” to 
these compensators when we study frequency response
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Frequency Response

• We now know how to analyze and design systems via  s-domain 
methods which yield dynamical information

• The responses are described by the exponential modes
Th d d i d b h l f h L l– The modes are determined by the poles of the response Laplace 
Transform

• We next will look at describing cct performance via frequency 
response methods
– This guides us in specifying the system pole and zero 

i i
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positions

Sinusoidal Steady-State Response

22)()cos()(
ω
ωω
+

=⇔=
s

AsUtAtu

Consider a stable transfer function with a 
sinusoidal input:

• Where the natural modes lie

–These are in the open left half plane Re(s)<0

• At the input modes s=+jω and s=-jω

The Laplace Transform of the response has poles

)())(( ωAzszszs
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Only the response due to the poles on the imaginary 
axis remains after a sufficiently long time

This is the sinusoidal steady-state response
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Sinusoidal Steady-State Response

• Input

• Transform

φωφωφω cossinsincos)cos()( tAtAtAtu −=+=

2222 sincos)( ωφφ +−= AsAsU

• Response Transform

• Response Signal
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• Sinusoidal Steady State Response
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Sinusoidal Steady-State Response

• Calculating the SSS response to
• Residue calculation
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Sinusoidal Steady-State Response

• Response to
• is ))(cos()(

)cos()(
ωφωω

φω
jGtAjGy

tAtu

ss ∠++=

+=

– Output frequency = input frequency
– Output amplitude = input amplitude × |G(jω)|
– Output phase       = input phase +   G(jω)

• The Frequency Response of the transfer function G(s) is given 
by its evaluation as a function of a complex variable at s=jω

∠
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• We speak of the amplitude response and of the phase response
– They cannot independently be varied

» Bode’s relations of analytic function theory

Frequency Response

• Find the steady state output for v1(t)=Acos(ωt+φ)

+_V1(s)
sL

R V2(s)

+

• Compute the s-domain transfer function T(s)
– Voltage divider

• Compute the frequency response
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• Compute the steady state output
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Bode Diagram

)

-5

0

Bode Diagrams
• Log-log plot of mag(T), log-linear plot of arg(T) versus ω
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Frequency Response

)cos()( φω += tAtu )(sG ))(cos()( ωφωω jGtAjGyss ∠++=

Stable Transfer Function

• After a transient, the output settles to a sinusoid with an 
amplitude magnified by            and phase shifted by             .

• Since all signals can be represented by sinusoids (Fourier 
i  d t f )  th  titi             d               

)( ωjG )( ωjG∠

)( jG )( jG∠
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series and transform), the quantities            and              are 
extremely important.

• Bode developed methods for quickly finding            and          
for a given           and for using them in control design.

)( ωjG )( ωjG∠

)( ωjG )( ωjG∠
)(sG
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Frequency Response

• Find the steady state output for v1(t)=Acos(ωt+φ)

+_V1(s)
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R V2(s)

+

• Compute the s-domain transfer function T(s)
– Voltage divider

• Compute the frequency response
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• Compute the steady state output
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Bode Diagram
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Frequency Response - Bode Diagrams
• Log-log plot of mag(T), log-linear plot of arg(T) versus ω

(d
B

)
)

M
ag

ni
tu

de
 (d

B

-25

-20

-15

-10

0

M
ag

ni
tu

de
 (

eg
)

Classical Control – Prof. Eugenio Schuster – Lehigh UniversityClassical Control – Prof. Eugenio Schuster – Lehigh University 136

Frequency (rad/sec)

Ph
as

e 
(d

eg

10
4

10
5

10
6

-90

-45

Ph
as

e 
(d

e

[ ] [ ] Hzffrad ===    ,2sec,/ πωω



69

Bode Diagrams
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The magnitude and phase of G(s) when s=jω is given by:
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Bode Diagrams
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The magnitude and phase of G(s) when s=jω is given by:
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Bode Diagrams
Why do we use a logarithmic scale? Let’s have a look at our example:
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Expressing the magnitude in dB:

Asymptotic behavior:
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LINEAR FUNCTION in logω!!! We plot               as a function of logω.dBjG )( ω

Bode Diagrams

A cutoff frequency occurs when the gain is reduced from its 
maximum passband value by a factor        :2/1

Decade: Any frequency range whose end points have a 10:1 ratio
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Bandwith: frequency range spanned by the gain passband

Let’s have a look at our example:
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This is a low-pass filter!!! Passband gain=1, Cutoff frequency=R/L
The Bandwith is R/L!
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General Transfer Function (Bode Form)
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The magnitude (dB) (phase) is the sum of the magnitudes (dB)

Classes of terms:

1-

2-

( ) oKjG =ω

( ) ( )mjjG ωω =

g ( ) (p ) g ( )
(phases) of each one of the terms. We learn how to plot each term, 
we learn how to plot the whole magnitude and phase Bode Plot.
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3-

4-
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General Transfer Function: DC gain
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General Transfer Function: Poles/zeros at origin
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General Transfer Function: Real poles/zeros
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Asymptotic behavior:
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General Transfer Function: Real poles/zeros
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General Transfer Function: Complex poles/zeros
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General Transfer Function: Complex poles/zeros
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General Transfer Function: Complex poles/zeros
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Frequency Response: Poles/Zeros in the RHP

• Same             .

• The effect on              is opposite than the stable case.
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An unstable pole behaves like a stable zero
An “unstable” zero behaves like a “stable” pole
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This frequency response cannot be found experimentally 
but can be computed and used for control design.
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First order LOW PASS
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First Order HIGH PASS
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First order HIGH PASS
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First Order BANDSTOP
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Second Order BANDPASS
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Second Order LOWPASS
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Second Order HIGHPASS
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Frequency Response

)cos()( φω += tAtu )(sG ))(cos()( ωφωω jGtAjGyss ∠++=

Stable Transfer Function

)()()( ωωω jGjejGjG ∠= BODE plots

{ } { })(I)(R)( jGjjGjG NYQUIST l t
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{ } { })(Im)(Re)( ωωω jGjjGjG += NYQUIST plots

Frequency Response

{ } { } )()()(Im)(Re)( ωωωωω jGjejGjGjjGjG ∠=+=

How are the Bode and Nyquist plots related?

{ })(Im ωjGj
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)( ωjG∠

They are two way to represent the same information
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Frequency Response

• Find the steady state output for v1(t)=Acos(ωt+φ)
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• Compute the s-domain transfer function T(s)
– Voltage divider

• Compute the frequency response
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• Compute the steady state output
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Frequency Response - Bode Plots
• Log-log plot of mag(T), log-linear plot of arg(T) versus ω
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Frequency Response – Nyquist Plots
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Nyquist Diagrams
General procedure for sketching Nyquist Diagrams:

• Find G(j0)

• Find G(j∞)

• Find ω* such that Re{G(jω*)}=0; Im{G(jω*)} is the 
intersection with the imaginary axis.

• Find ω* such that Im{G(jω*)}=0; Re{G(jω*)} is the 
intersection with the real axis.
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• Connect the points 

Frequency Response - Nyquist Plots
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Frequency Response - Nyquist Plots

( )21
1)(
+

=
ss

sGExample:

Classical Control – Prof. Eugenio Schuster – Lehigh UniversityClassical Control – Prof. Eugenio Schuster – Lehigh University 175

Nyquist Plots based on Bode Plots
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Nyquist Stability Criterion

)(sG
-

+)(sU )(sY

When is this transfer function Stable?

NYQUIST: The closed loop is asymptotically stable if the 
number of counterclockwise encirclements of the point   
(-1+j0) that the Nyquist curve of G(jω) is equal to the 
number of poles of G(s) with positive real parts (unstable 
poles)
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poles)

Corollary: If the open-loop system G(s) is stable, then the 
closed-loop system is also stable provided G(s) makes no 
encirclement of the point (-1+j0). 

Nyquist Stability Criterion
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Nyquist Stability Criterion

)(sG
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)(sU )(sY

When is this transfer function Stable?

NYQUIST: The closed loop is asymptotically stable if the 
number of counterclockwise encirclements of the point   
(-1/K+j0) that the Nyquist curve of G(jω) is equal to the 
number of poles of G(s) with positive real parts (unstable 
poles)
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poles)

Neutral Stability
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Root locus condition:

o180)(,1)( −=∠= sGsKG    

At points of neutral stability
RL condition hold for s=jω
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1)(

>

<

ω

ω

jKG

jKG

Stability: At o180)( −=∠ ωjG

If ↑K leads to instability
If ↓K leads to instability
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Stability Margins

The GAIN MARGIN (GM) is the factor by which the gain 
can be raised before instability results.

( )

The PHASE MARGIN (PM) is the value by which the phase 
can be raised before instability results

( )⇒<< 01 dBGMGM UNSTABLE SYSTEM

GM is equal to   at the frequency 
where                       .     o180)( −=∠ ωjG

( )dBjKGjKG )()(/1 ωω −  
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can be raised before instability results.

⇒< 0PM UNSTABLE SYSTEM

PM is the amount by which the phase of            exceeds 
-180° when 

)( ωjG
( )0)(1)( == dBjKGjKG ωω   

Stability Margins

( )21
1)(
+

=
ss

sG 1/GM

PM
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Stability Margins

( )21
1)(
+

=
ss

sG
GM

PM
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PM

Specifications in the Frequency Domain

1. The crossover frequency ωc, which determines 
bandwith ωBW, rise time tr and settling time ts.

2. The phase margin PM, which determines the 
damping coefficient ζ and the overshoot Mp.

3. The low-frequency gain, which determines the 
steady-state error characteristics.
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Specifications in the Frequency Domain

The phase and the magnitude are NOT independent!

Bode’s Gain Phase relationship:

( ) ( )∫
∞+

∞−
=∠ duuW

du
dMjG o π

ω 1

( )ln jGM = ω

Bode s Gain-Phase relationship:
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( )

( )2/cothln)(
)/ln(

ln

uuW
u

jGM

o

=

= ωω
ω

Specifications in the Frequency Domain

The crossover frequency: cBWc ωωω 2≤≤
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Specifications in the Frequency Domain

The Phase Margin: PM vs. Mp

Classical Control – Prof. Eugenio Schuster – Lehigh UniversityClassical Control – Prof. Eugenio Schuster – Lehigh University 187

Specifications in the Frequency Domain

The Phase Margin: PM vs. ζ
100
PM

≅ζ
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Frequency Response – Phase Lead Compensators

1,
1

1)( <
+
+

= α
α

     
Ts

TssD

+
−

= MAX

φ
φα

sin1
sin1
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⎥⎦
⎤

⎢⎣
⎡

⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛=

+

TTMAX

MAX

α
ω

φ

1log1log
2
1log

sin1

Frequency Response – Phase Lead Compensators
1. Determine the open-loop gain K to satisfy error or 

bandwidth requirements: 
- To meet error requirement, pick K to satisfy error 

constants (Kp, Kv, Ka) so that ess specification is met.
To meet bandwidth requirement  pick K so that the - To meet bandwidth requirement, pick K so that the 

open-loop crossover frequency is a factor of two below the 
desired closed-loop bandwidth.

2. Determine the needed phase lead → α based on the PM 
specification.

3. Pick ωMAX to be at the crossover frequency. 

Classical Control – Prof. Eugenio Schuster – Lehigh UniversityClassical Control – Prof. Eugenio Schuster – Lehigh University 190

MAX q y

4. Determine the zero and pole of the compensator. 

5. Draw the compensated frequency response and check PM.

6. Iterate on the design
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Frequency Response – Phase Lag Compensators

1,
1

1)( >
+
+

= α
α

α      
Ts

TssD
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Frequency Response – Phase Lag Compensators
1. Determine the open-loop gain K that will meet the PM 

requirement without compensation. 

2. Draw the Bode plot of the uncompensated system with 
crossover frequency from step 1 and evaluate the lowcrossover frequency from step 1 and evaluate the low-
frequency gain.

3. Determine α to meet the low frequency gain error 
requirement.

4. Choose the corner frequency ω=1/T (the zero of the 
compensator) to be one decade below the new crossover 
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p )
frequency ωc. 

5. The other corner frequency (the pole of the compensator) 
is then ω=1/ α T.

6. Iterate on the design


