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1. INTRODUCTION AND OVERVIEW

Let Zy = Z/2 and let K, denote the Eilenberg-MacLane space K(Zs,2). In this
paper, we use the Adams spectral sequence (ASS) to compute the connective KO-
homology and -cohomology groups ko,(Ks3) and ko*(K3). The groups ko.(Ks,) were
initially studied long ago in [14] and more recently in [11] because of their close
relationship with Stiefel-Whitney classes of Spin-manifolds, but only fragmentary
results were obtained. A consequence of our work here is the following new result,

which is discussed and proved in Section 16.

Theorem 1.1. There exists an n-dimensional Spin manifold with the dual Stiefel-

Whitney class w,_s # 0 if and only if n is a 2-power > 8.

Our work here draws heavily from the computation in [10] of the complex analogue
ku,(K3) and ku*(K3), which in turn relied on the connective Morava K-theory groups
k(1).(K2) and k(1)*(K3) determined in [9]. Our primary focus in [10] was the ku-
cohomology groups because of their product structure, but here our primary focus
will be on the ko-homology groups, for historical reasons and because of the more
familiar form of its ASS. We begin this introduction with a slight reformulation of
results of [10] regarding ku.(K5). This will enable us to describe the overall structure
of ko.(K3), and also to see the significant increase in complication of the ko result as
compared with ku.

The ku-cohomology groups ku*(K3) were a combination of suspensions of three

basic types of summands, Ay, By, and Sy, 1 < k < {. It was observed in [10, Section
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7] that if Sk, is combined with two specific copies of By, we obtain something, which

we now call Byy, that appears both in ku*(K3) and, after switching to homology

grading, in ku.(K2). We denote by By ¢ the ko-homology analogue of this combination.

The ku-homology analogue of Ay, which we denote by 7., was pictured when k =5

in [10, Figure 4], which we repeat here as Figure 1.2. Short vertical lines indicate

multiplication by 2, short diagonal lines are multiplication by v € kus, and the long

dashed lines, sometimes slightly curved, are exotic extensions (-2).

Figure 1.2. o/, the ku-homology analogue of A;, from [10]
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The iterative structure of the ku groups A, and By can be seen by noting that the
ku-homology analogue of B, is a desuspension of the portion of Figure 1.2 in grading
> 102, not including the upper edge, and the A, analogue can be obtained from that
by placing a triangle similar to the one in the lower left corner of the chart, but one
level smaller, beneath the classes in grading 102 to 106. The ko-homology analogue of
Ay, which we denote by Ay, is much more complicated. We picture A, for 1 < k < 6
in Section 2, and in Section 3 state several results, 3.1, 3.8, 3.10, 3.19, and 3.22, which
give a complete determination of all Aj.

In the ku situation, each By, could be multiplied by any number of classes z;, which
just amounted to suspending by £ +2 for each. In the ko analogue, multiplying By e
by z; suspends by 2/*2 but also changes its form. We denote by z'By, the modified
form of By, after ¢ such changes of form, but without the various ¥2*5. So 2 can
be thought of as a product of 4 different z;’s, each desuspended by 27*2. It turns out
that z4BW = EBBM. We will describe and illustrate z"BM in Section 4.

We can now state the theorem which, along with the aforementioned descriptions

of A; and Zin’g, completely determines ko,(K3). This will be proved in Section 10.

Theorem 1.3. There is an isomorphism of ko,-modules

k'O*(KQ) ~ @ @ 22k+2iAk D @ @ Z2k+2i+2£+ajza(j)8k,é

k>1 i>0 1<k<fi,j>0

plus a trivial ko,-module.

Here and elsewhere, a(j) denotes the number of 1’s in the binary expansion of j. The
trivial ko,-module could be calculated, but is not of interest. It is discussed at the
end of Section 10.

In Section 17, we determine the ko-cohomology groups, ko*(Ks), and discuss the

following interesting duality theorem.

Theorem 1.4. There is an isomorphism of ko,-modules
ko, (K32) = (ko™*°(K3))",
where MY = Hom(M,Z/2%), the Pontryagin dual, localized at 2.

In the first six sections, we describe our results in several ways. In Section 7, we

outline the proof, which occupies the subsequent seven sections. At the end of the
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paper, we discuss the application to Stiefel-Whitney classes of Spin manifolds, and

the adaptation to ko-cohomology groups of K.

2. EXAMPLES OF A,

In this section, we display charts of A, for 1 < k < 6. We will make much use of
these charts in later sections, as models for the general statements and proofs. These
are ASS-type charts, but we frequently elevate filtrations' of classes in order to better
display the ko,-module structure. In the transition from F5 to E.,, there have been
many differentials, which are not displayed here. The short diagonal lines represent
multiplication by n € ko;. In Figure 2.1, we depict A;, As, and A3 on the same set
of axes. The classes in grading 8-12 are Ay, and A; and A3 are on the left and right,

respectively.

Figure 2.1. A, A, and Aj;

%
b,
LY -

2 4 8 12 16 20 24 30

In Figure 2.2 and subsequently, the dashed lines are exotic extensions. One reason
for our choice of filtrations is the structure of edges, which will be introduced in
Section 3.

L«Filtration” refers to the vertical position in the chart.
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o
¢ v

32 36 40 44 48 52 56 60 64 66

Figure 2.2. A,

¢-------o

For k > 2, it will be convenient for us to work with E_QHIAk, which we denote by
.Zk. The configuration of six classes which occurs in grading 48 to 52 in Figure 2.2 is

often called a “lightning flash,” terminology which we will use frequently.
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Figure 2.3. Aj
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3. ONE DESCRIPTION OF A,

Each Ay is structured in terms of edges and subedges. In this section, we describe
the subedge structure, and give an explicit description of all edges. A more formulaic
description of Aj is given in Section 6. The proof will be given in Section 13, the
culmination of several preliminary sections.

An edge &, will always be suspended by some multiple of 8. It occurs for the first
time in ./Zg, but, if e > 1, it will occur again as a subedge of .Zk for all £ > ¢, often
more than once for the same ./Z(k If e=4a+b> 1 with b = (0,1,2,3), the bottom
class of & 4 is in grading 8a + (2, 3,4, 8) for any £, unless e =3 mod 4 and ¢/ —e = 1.

Theorem 3.1. Ay is built up recursively, beginning with & i, which begins in grad-
ing 0. Then, for 1 < e < k — 2, each occurrence of XPE., contains subedges
NP era for2<d <[l —e.

For example, ./15 has & 5, then 288273, 2165274, and 23252,5. Then under 21652,4 is
LI6T8E, 4, under X32E, 5 are Y32T8E; , and T30 5 and under X%&; 5 is DBTBE, ;.
Recalling that &, begins in grading 4, &, in grading 8, and &£, in grading 10, the
structure of the subedges of As should be clear in Figure 2.3. Theorem 3.1 will be
proved at the end of Section 12.

We are interested in the ko,-module structure of ko, (K3), especially the action of
n and v{. By v}, we mean Adams or Bott periodicity, of bigrading (8,4). Most of
the time, we overlook the action of the generator of ko,. We include in Figure 3.2
the well-known chart of ko,, periodic with period (8,4). The elements 1 and v} are

indicated with large dots.
Figure 3.2. ko,

>
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We now work toward a description of &, for e > 2. We introduce some charts M}
that will appear repeatedly throughout the paper. The derivation and significance of
these charts will be discussed in Section 10, when we begin our proof. By “charts,”
we mean ASS diagrams, often involving filtration shifts of some elements.

We begin with charts M ,? for k > 4, which are building blocks for our calculations.
They are similar to familiar charts of ko,(RP*") (e.g., [5]). In fact, there are isomor-
phisms Mj,,, ~ ko.(RP3*?) and M}, - =~ ko,(P3"™*). These charts were derived in
[12]; their derivation will be explained in Section 10. For all k, all classes in M} are
vi-periodic. All the charts M} have the same upper edge. The lower edge drops by
1 for each increase in k, with classes of negative filtration removed. The chart MY is
a sequence of lightning flashes starting starting in position (8 + 1,44) for ¢ > 0. In
Figure 3.3 we show the beginning of the charts for 5 < k < 7.

Figure 3.3. M}

Explicitly, M} has, for i > 0,
e ( in grading 0 and 6 mod 8,
e 7 in grading 8 + 1 and 8¢ + 2 of filtration 47 and 47 4 1, respectively.

® 7o in grading 8 + 4 and 8: + 5 of filtration 4 — k + 6 and 4i — k + 7, respectively, if

the filtration is > 0, else 0,

e 7/2** in grading 8i + 7 with generator of filtration 4i — k + 8 if 4i — k + 8 > 0, else

Z./2% with generator of filtration 0, and

e 7,/282 in grading 8 + 3 with generator of filtration 4i — k + 5 if 46 — k + 5 > 0, else

Z.)2%%3 with generator of filtration 0.



THE CONNECTIVE KO THEORY OF THE EILENBERG-MACLANE SPACE K(Z/2,2) 11

Next we define M} for k > 4 and ¢ > 0 to be M} with classes of filtration less than
i removed, and filtrations of other classes decreased by 4. In Figure 3.4, we depict M
for 1 < i < 3. All elements are acted on freely by v{. It follows that M Z+4 = Y8M;.

Figure 3.4. M,

A A )

2 7 11 3 7 11 7 11 15
M; Mg Mg
A variant of M} that will be useful is given in the following definition.

Definition 3.5. For 0 < s < 3 and s > 0, the chart ]/\4\4S is formed from M} by
removing classes of grading < s. If s > 4, ]\//_745 = Esj\/ij_‘l,

As ]\/Zj will always be combined into other charts, its filtration as an individual
entity is irrelevant and undefined. Note that M\j = M; it s = 0,1 mod 4, while if
s = 2,3 mod 4, ]\/4\45 is formed from M} by adjoining one class. In Figure 3.6, we
picture ]\/4\5 for s = 2,3 mod 4.

Figure 3.6. ]\//Zf for s =2,3 mod 4

A r4i+2 A 74i+3
M 4 M 4

- i

81+ 3

The following definition will be useful.
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Definition 3.7. A chart is stably YIMy, if it agrees with S*M} in sufficiently large

grading, without regard for filtration.

Now we define what we call pre-edges &/ ,. This formulation will be derived in
Section 12.

Definition 3.8. For 2 <e </, &, is formed from the following sequence of charts.
SMY g SEMET o e DM e 2T M e R

Working from left to right, each Z2iMj_1 is placed so that there is a dy differential
from its generators in grading 1, 3, 4, and 5 mod 8 to the upper edge of the chart result-
ing from the preceding steps, and there are n extensions on its top classes in grading
3 mod 8. The chart resulting after incorporating EQiMfl 15 stably XMy_cy5_;. The
222_6“”]\/4\2_2 is placed so that all its classes support dy differentials. The pre-edge &/ ,

1s the chart remaining after all these dy’s. It vanishes in the range of E2l_e+2+2]\/4\f_2.

We illustrate in Figure 3.9 the forming of &; ;, which is derived from
SME — SEME — S1OM3 — SR,
At each step, the chart being adjoined is indicated in red, while the black part is the

result of the preceding step. Then &} ; consists of the classes remaining in the lower

part of Figure 3.9 after the indicated differentials.
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Figure 3.9. Forming & ,

SME  S8MP S0

SMy + S8M; .‘ ././y

10 16 20 10 16 20 28

SME — S8M3  SI6)3 D32

v

J1S

10 16 20 28 36

Since Mt = S8Mg and M = SEMY for e > 0, it follows that Elpasra = X%,
for e > 2. So it suffices to study Sé! for e < 5.

Recall from Theorem 3.1 that beneath any edge XP&, , in A, there occur subedges
ED”CIHEHLE% fore+2 < e+d < (. The same is true for 6'&@. The following theorem
will be proved in Section 13.

Theorem 3.10. For e > 1, there are differentials from 22d+15é+17e+d into &, from

all classes in grading 4 or 5 mod 8, except filtration-0 classes x in grading 4 mod 8

with nz = 0. For e > 2, &4 is formed from &, after removing all classes either

44
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supporting or hit by differentials. This is true, after appropriate suspension, of all

occurrences of E. o as edges or subedges.

In Figures 3.11, 3.12, 3.13, 3.14, and 3.15, we display &, , for 2 < e < 5 and
1 < d < 4. We circle classes supporting differentials, and use a larger dot for classes

hit by differentials. Then &, .44 consists of uncircled small dots.
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" and differentials

Figure 3.11.
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One added feature in Figures 3.12, 3.13, 3.14, and 3.15 is that for the classes hit
by differentials, we include below them the name of the subedge that supported the
differential. The classes supporting those differentials can be seen in Figure 3.11,
where they appear with circles. Note that these are complete figures; they are finite
charts.

Figure 3.12. &, ; and differentials

R
e

A
P

16 ¢/ 32 ¢/ 32 ¢/ 32 ¢/
E 8375 Z 53,6 E 83,6 Z 83,6

12 20 28 36 44 92 60

e
(0¢]

It is instructive to compare Figure 3.12 with Figure 2.4, in which X%4&, 4 appears

prominently.
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Figure 3.13. &;; and differentials

e

I 108 oRE, TR, TR,

>
§ 12 20 28 36 44 52 60 66

Figure 3.14. £ and differentials

e
e
7

2168577 2165'&’7 232‘%,8 2326%,8 232851),8
10 12 20 28 36 44 52 60 67
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Figure 3.15. &, and differentials

e
e
o
P
/@/

y zﬁﬁ/ S04 TR, T,

32 ¢1
E 56,9

12 20 28 36 44 52 60

The sources of the differentials are very regular. There are differentials from
EQHQSAEM into &, , for each £ > e + d on all classes in grading 4 and 5 mod 8
in X2 5 (except for a class x in filtration 0 and grading 4 mod 8 satisfying
nx = 0) until the &£, ; is ended by the differentials from n2t 2] re-2

Careful study of the above charts £, , for d =1, 2, 3, and 4 can give great insight
into the form of &, for arbitrary d. As d increases, the upper edge of the chart
stays fixed while the lower edge drops by 1 each time. Only e = 2, 3, 4, and 5 need
be considered, since 14514 = E8Se,k.

The slightly differing forms of the upper edge of &/ ., depending on the mod 4
value of e are caused by the differing ways that M; ' begins. In Figure 3.16, we show

the formation of &3 5. Comparison with Figure 3.9 is instructive.

68
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Figure 3.16. Formation of & ;

SM3  SEM? M3« S8M2 +— M}
8 12 16 20 8 12 16 20

It is interesting to see how the ending of each &/ _, ; occurs. Prior to the 22d+2+2]\/4\f’2
at the end of the sequence in Definition 3.8, the sequence will have stabilized to a
sequence of lightning flashes with initial classes in grading 2 mod 8. In Figure 3.17,
we show how the lightning flash beginning in grading 2442 + 2 is hit by $2*+2]/¢2
for 2 < e < 5. Increasing e by 4 would push this behavior out by 8 gradings. In
Figure 3.17, the remaining classes are indicated with bigger dots. Compare with the
endings in Figures 3.11, 3.12, 3.13, 3.14, and 3.15.

Figure 3.17. Termination of &/, ,

S A

e=3 e=4 e=2>5

Definition 3.18. If C' is a chart, then ®'C is the chart obtained from C by increasing

filtration of all elements by i.

The upper edge & j, has a different form. The following definition will be illustrated
in Figure 3.21 and justified at the end of Section 12.

Definition 3.19. For k > 2, V}, is a chart with, for ¢ > 0, classes gg; in position
(8i,4i), and gsi14 in position (8i+ 4,45+ 3), of order 2*=1 except that the order of go
is 281 There are also elements ngs; and 1n°gs;, x3 such that nxs = 2¥72g,, and, for

i >0, elements xg; o and NTsi o such that N*xgi o = ggiya. If k=2 and i > 0, then



20 DONALD M. DAVIS

228i19 = N’gsi- In grading > 8, Vj, agrees with ®*ko, (M (2"1)), where M(n) is the
mod n Moore spectrum.

The chart £, is formed from the sequence
Vi S8MD oo = B2 MO = 22T, (3.20)

Working from left to right, each ¥ M. ¥ is placed so that there are dy differentials from
its generators in grading 1, 3, 4, and 5 mod 8 into the upper edge of the chart resulting
from the preceding steps. For 2 < i <k —1, &, agrees with 2 ko, (M(2¥9) in
grading 2! through 212 — 1.

The edge &, is obtained from &1, by removing the classes in grading 3 or 4 mod
8 which are hit by differentials from »2 5 for 3 <i < k.

In Figure 3.21, we show the formation of £}, and &£;4. At each step, the chart
being adjoined is shown in red. Then &£, consists of all classes in the bottom chart
of grading < 28. The classes with the big dots are hit by differentials, and so do
not appear in &£ 4. The chart hitting them is indicated below them. The classes
supporting those differentials can be seen in Figure 3.11. The result of Figure 3.21

can be seen in Figure 2.2.
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Figure 3.21. Formation of &, and & 4
Vi S8MY « B100)

Vi < 25M}) i //[

0 4 8 12 0 4 8 12 16 20
Vi 33MY « SOMYD «+ 3320
3885 »188;

0 4 8 12 16 20 24 28 32

The following theorem about the exotic extensions will be proved in Section 13.

Theorem 3.22. The only exotic extensions in .Zk are as follows:

(1) Into &1y from 22452,4 for 4 <0<k in grading 8i+ 2 for 3-274 <i <272 1. The

target is the class which is not in im(n).
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(2) Fore > 2 and e +1 < £ < k, into ©PE,; from E2Z+1_6+D55+17g in grading 6 mod 8
throughout the entire extent of EZHI_GJ“DEGJFM.

(3) Fore>2,{ <k, ande+1<m </, into SPE., from 22m+176+D86+1,m in grading
2 mod 8 throughout the second half of E.i1.m (the range of the lightning flashes in

Ely1m, including the final element in 2 mod 8 if e =0 or 3 mod 4, but not if e = 2

€

mod 4).

Since & ¢ has order < 2 in grading 2 mod 4, we don’t have to specify which element
is involved in the extension in parts (2) and (3) of the theorem. In Figure 2.4, the
extensions into the upper edge are easily checked to agree with part (1). In (3.23),
we list the other extensions in Ag, with those of type (2) in the left column and those
of type (3) in the right column. We list the grading followed by the edges involved,

with dashes indicating the extension.

30 : 216(2853 4 52 A
62 : S0 5—Eas

) 66: DB(E 5 —Es)
¥32( ) 98 : B¥(X%E, 5 —E35)

110 : Z%(XP2E6— Ep) 114:296(28545—536)

118 : (X2 E36—Eq) 122 : (S5 — &)

126 : 20108, 6— &) 122 XO(X08,6—E36)
YO (B Erg) 130 X(

126 : N6 —Es) (3.23)

4. Zinyg

In this section, we describe the summands 2'By, ¢, which appeared in Theorem 1.3.
The proof will be in Section 14.

The description of ku*(K>) in [10] was in terms of summands Ay, By, and Sy . It
was stated in [10, Section 7] that Sy, and two specific copies of By combine together
nicely, in the sense that differentials in the ASS that form them involve just the three?,
and that the contribution to ku*(K3) of the three is isomorphic to the corresponding
contribution to ku.(K>) after dualizing the gradings, implying self-duality of By .
The example there yielded the chart for Bs 4 C ku.(K3) in Figure 4.1.

2This will be proved in Theorem 9.4.
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Figure 4.1. B3, C ku,(K>)

70 80 81 86 96

In Section 14, we explain how the ko analogues of By, are defined and explain
how the ASS of this part is computed. We denote by By, the resulting chart for this

summand of ko.(K3). The result for Bs 4 is shown in Figure 4.2.

Figure 4.2. Bs,

A

T

68 72 76 80 84 88 92 96

The lightning flash in the middle is the analogue of the S34 part, which was the
short v-tower in grading 81 to 87 in Figure 4.1. We choose to raise the filtration of
this for two reasons. (a) When we look at the differentials in the ASS it is convenient
to increase some filtrations to make the extensions clearer and the pictures nicer. (b)
The classes in 84 and 85 are v] times the classes in 76 and 77, and we like to have
our chart depict this.

In the ku version, the copies of By on either side of the Sy, are isomorphic, as
is clear in Figure 4.1. This is not the case in the ko version, as can be observed in
Figure 4.2. There is an exotic 77 extension from 88 to 89, accompanying the exotic -2
in 90. One might prefer to lower the filtrations of the high classes in 89 and 90, but
they are v{ times the classes in 81 and 82. Also, when we show how these charts are

obtained, it will be clear that the high filtrations are warranted.
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Let & = dgirlim &, and MS = deirlim My. Then &£ can also be defined as the
’ —00 ’ —00 ’

chart obtained from the sequence of d; differentials, situated as in Definition 3.8,

SME — S8ME - OMET - SRMET

Definition 4.3. For k > 2, define functions hy by

0 b=2
1 b=3
3 5<b<0.

Let C; ) denote the subchart of £} consisting of elements in position (x,y) satis-

fying y > hiyi(x).

+1,00

In Figure 4.4, we depict a portion of & . with all of Cp4 indicated by big dots.
The dashed line is the graph of hy.

Figure 4.4. Cy4

8 12 16 20 24 28 32 36 72
Theorem 1.3 involved summands zil’)’k,g. These charts will be derived in Section
14. Of course, 2°By, = Biy. Just as we did with letting Ay = 22 4, it will be

. = _ol+2
convenient to let By ¢ = X 2 By

Theorem 4.5. Fori > 0 and 1 < k < {, the chart zigu consists of the following

four parts:
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(1)

(2)

The portion of ZQHIM}_H?) i filtration O through k, with filtrations increased by
2F —k—1. If M;_.,5 has a filtration-k element in grading 1 mod 8, that element is
omilted, since it appears in part (4).

A modification of Ei_jrit1.0+i and all edges under it, as enumerated in Theorem
3.1, including extensions among these edges. The modification is that the elements
of & pyiv10i ™ grading 4 and 5 mod 8, which supported differentials in forming
Ev_ktit1,0+i, do not support differentials in this case.

A chart formed from E2k+1C'i,k together with all the edges strictly under E2k+1€2+i7k+1+i,
incorporating all the differentials and extensions among these lower edges, and from
them into ¥ briksit1- Lhe target elements in »2t b ikrit1 are part of 22 Cy .
For [M41] < j <2624 [H3] — 1, elements x; in (257 +1+85,2% —k — 1+ 45 — i)
and nx;. If i = 4t + 1 for some t, and j = 2*7% +t, then nz; is not present. If j >

234 [H3] | there is an exotic extension from the element in (2871 +85 42, 45—k —1)

to nx;.

Remark 4.6. If / — k+i = 0 mod 4, there is an n-extension from the last element of
Er kyir1p4i N zigk,g to a Zs in the lowest filtration of E2k+1]\/[§_k+3. The first element
is like the circled element at the end of the e = 5 part of Figure 3.11 (which does not
support a differential in Zig}%g) and the second element is like the element in grading
5 in the M]} chart in Figure 3.4.

Remark 4.7. There are exotic 1 extensions in Zigk,g wherever the exotic -2 extensions
occur in part (4) of the theorem. If 2o = 98 and v1y = «, then ny = 5. In Figure
4.11, the classes « are the two classes supporting the exotic extensions, and if « is in

position (z,y), then + is in position (z — 2,y — 1).

The middle lightning flash in Figure 4.2 furnishes one example of part (1) of the
theorem, which corresponds to the Sy, portion in ku*(Ks). In Figure 4.8, we provide

three more examples, without indicating the filtration.
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Figure 4.8. Examples of Theorem 4.5(1)

SV '0

/.%/ 71 75 //3£5./ 39 43 /.;E7

(=7 k=5 (=7 k=4

/'E/I *
7E 7579 83
(=10, k=5

In Figure 4.9, we provide another example, 54,7. The portion from part (2) of
Theorem 4.5 is in black, and parts (1), (3), and (4) are in red. The black part

corresponds to the modified version of &, 7 and the edges under it. Compare with &5 ,

in Figure 3.11.

The low red part is 232Cj 4 together with the edges under 232, 5, which are 31083 4,
Y48E; 5, and 2°°E, 5. Compare with Figure 4.4 and Figure 3.11. Note that elements
in 2486%75 support differentials killing elements in ¥**Cj 4 in grading 59 and 60.

The top red part has part (1), which is the middle chart in Figure 4.8, and the

three 7 pairs, which are part (4).

Figure 4.9. g477

4

./:’
4 i
L
. e

. / 1" P
12 16 20 24 28 32 36 40

48 52 56 60

Although 2By, is built from various zi Mg (= M¢*), and multiplying Mg by 2

just lowers all filtrations by 4, the effect of 2* on gk’g is more complicated, due to
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differentials. In Figure 4.10, we display Zigk,g for 1 <14 < 3, for comparison with the
case i = 0 in Figure 4.2 (which is 264l§374).

Figure 4.10. 2'Bs

2B, \/I//
A

e

o
—_
[\
—_
(@)
[\)
[a)
[\)
W~
[\
(0.¢]
w
[\

2253’4 i /

12 16 20 24 28 32 36
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We close this descriptive section by describing a way of visualizing how parts (1),
(3), and (4) of Theorem 4.5 come about. For simplicity, we restrict to i = 0. In
Section 14, we will explain why this description is valid.

For this part of gk’g, we combine two charts. One chart has the resultant of
D2 (SME ¢ SIM) = XM = 2T M)

with the usual placement for d; differentials. The other chart has 2" M9, 43, With
filtrations increased by 2¥ — k — 1. See Figure 4.11 for g4,9.

Beginning in grading slightly greater than 2¥+2, the two charts will have isomorphic
forms, stably M, _;.3, displaced by 1 horizontal unit. There must be a differential
annihilating these; it will be dyx. We apply (v;*) periodicity to these differentials
whenever it applies. In Figure 4.11, we indicate by small red dots the elements that
are related by these differentials. For example, applying v;* to the Z/16 in 72 and
71 shows that the bottom four elements in 64 support differentials, but the top one
survives. The elements which survive are indicated by large black dots. Three n-pairs
at the top are part (4) of Theorem 4.5. The other black elements in the top half in
filtration 0 to 4 (before the filtration shift) are type (1). The black elements in the
bottom half are of type (3). They lie on or above the dashed line in Figure 4.4. This

description does not incorporate the type-(3) elements on subedges under 22“152,“1.
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Figure 4.11. Some differentials (in red) in By

36 40 44 48 92 o6 60 64 68

5. COMPLETE DESCRIPTION THROUGH GRADING 42

We can easily depict ko,(K3) for * < 42, and much farther. In Figure 5.1 we
present it in three labeled rows, to avoid congestion. It is the sum of the three. We
omit the trivial ko,-submodule, which is enumerated through grading 24 at the end
of Section 10.

72
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Figure 5.1. ko.(K3), * < 42

16 20 24 28 32 36 40
As Ay 13
[ ] [ ) [ ] [ ) [ )
2 4 8 12 16 20 24 28 32 36 40
Ay Ay 38 A 2164, YA, ¥*A, Y324, Y32 A,

6. A FORMULAIC DESCRIPTION OF EDGES

In this section, we give a more formulaic description of edges.

Let R = Z)n]/(2n,7%).
The upper edge & ; has a different form than the other edges.

Definition 6.1. Fort > 1 and 0 < ¢ < 2, we define R-modules L,.(x,y) to have
generators g, g', and g" in positions (x,y), (x+2,y+t), and (x+4,y+3), respectively,
with relations 2'g, n?¢’ = 21=1¢", n3~¢¢', ng”, and

2 = 7y t=1
0 t>1.

Let I}, denote the R-module with generators G, G', and G" in positions (0,0), (3, k),
and (4, 3), respectively, with relations 287G, nG' = 282G, 2G’, and nG".

For example, I, is the portion of Figure 3.21 in grading < 7. The second subscript
in L, . indicates the number of elements killed in forming L, . from L;(. In Figure 6.2

we show L; . for ¢t < 4, omitting (z,y), which is the position of the lower-left element.
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Figure 6.2. L;,

//I Lis V/ Lo V L3 Lys

Theorem 6.3. Let 1g(i) = [log,(i)]. The upper edge, &, of S2"" A, as an R-

module s

2k—2_1
I, & @ Ly rg(i)—2,5.(5) (81, 41),
i=1

where ‘ ,

0 2 <i<2+4[j—-1)/4

AlE)=91 i=2+27=0(4)

2 W4 14[j/4 <i<wH_1

for some j.

Many values of f; are presented in Table 1. For example, the upper edge in Figure
2.3 satisfies
E15=15DL31 D Loog® Loos®L1g® L1o® L1o2® Lo,
where the ith L is in position (8i,4i), 1 <i < T.



32 DONALD M. DAVIS

The other edges are formed from R-modules K., which we now define.

Definition 6.4. Fort > 1 and 0 < e < 2, the R-module K;.(x,y) has generators g,
g, g", and g" in positions (x,y), (x —2,y+t—3), (r+2,y+ 1), and (x +4,y+2),
respectively, with relations

2 g =0, 2¢', ng, 29", ng", 2"7'¢", ng", n* g

In Figure 6.5, we depict K. for t < 4. Position (z,y) is circled. Note that Ko
has its only nonzero elements in (z — 2,y — 2) and (x + 2,y + 1). Again, the second

subscript is the number of elements killed in forming K, . from K.

Figure 6.5. K,

: B .
. E /@ - /.@ Ko /ﬁ Ky

Ko

S S I

° ® K272 K1,2
° i ° ° é K&Q ° °
K4 2

Now we describe the remaining edges.

Theorem 6.6. For 0 < b < 3 define f, by

1 b=0
0) =
/(0) {0 b=1,2,3,
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and for i >1 and any j,
0 29 <i<2Z+[(b+j—2)/4]
fo(i)=41 i=27+(b+j—-1)/4, b+j=1(4)
2 V4 [b+j—1)/4+1<i<2H 1,
For2<e<k—1,lete=4a+b with0<b<3. Then

2]@7176_1

Eep = EB K ig(i)—1-e,5, () (8(i +a) + 4,3 —k +4(i + a)),
1=0

with 1g(0) = —1 and the following modifications:

(1) If b = 3 and Ki.(x,y) is the summand for i a 2-power, then the element g' in
(x — 2,y +t —3) is replaced by an element in (x — 2,y + 1 — 2);

(2) Ifb=10 or 1 and K;(x,y) is the summand for i+ 1 a 2-power, and t > 1, then the
top element in grading x + 4 is killed; i.e., 272¢" = 0;

(3) If b =0 or 1 and i = 28717¢ — 1, the element in grading x + 2 in this K, (z,y) is
killed.

(4) If b= 3, there is an additional element in (28727¢ +8a+2,2F1¢ —k +4a+1), which
would be the first element if the string of Ky2’s at the end was extended one farther.

In Table 1, we list a sample of values of f,(7). If i < 256 is not included in the
table, then f,(i) = 2 for all b.

1 ‘ 01 245 89 16 17 32 33 64 65 66 128 129 130
fo@)j1 210202 0 2 0 1 0 0 2 0 0 2
fi)lo 1 00202 0 1 0 O 0 O 2 O 0 2
fo3)]00 000201 0 0 0O O 0 0 2 0 0 1
fs(é)]o 00 0O1T OO O 0 0O O 0 O 1 0 0 0
Table 1: Values of f,(4)
For example, in Figure 2.4, you can see 2%2&, 5 with
Es = Ks0(4,—2) & K20(12,2) & K10(20,6) & K;2(28,10), (6.7)

and Y188, 5 and Y808, 5 with
Esp = Kop(4, —2) ® K71 (12,2) & Zy(18, 3),

where K’ incorporates modification (1), and Z»(18, 3) is modification (3).
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7. OUTLINE OF PROOF

In this section, we outline the proof, which occupies the seven sections which follow.

In [10], we obtained the Fy page of the ASS converging to ku*(K>) and used
a comparison with results about k(1)*(K3) obtained in [9] to obtain formulas for
differentials in this ASS. In Section 9 here, we show that the result of [10] could have
been grouped into summands A and By, multiplied by various coefficients, rather
than the Ay, By, and Sk, used there. By this, we mean that the cohomology classes
underlying these summands fill out H*(K3) (Theorem 9.3) and (Theorem 9.4) they
are closed under the differentials in the ASS obtained in [10, Theorem 3.1].

These summands A, and By, have analogues for the ASS converging to ku.(K>),
and in Section 8, we show how the duality between ku,(K>) and ku*(K3) obtained in
[7] can be used to obtain differentials in the ASS converging to ku.(K5). These will
be used in Section 13.

In [12], we obtained the ko analogues, My, of the basic summands M}, used in the
ku work in [10]. A complication for the ko work is that whereas coefficients z; for
the My’s in ku just resulted in suspensions, the ko analogue causes a change in form,
resulting in charts M}, if there are ¢ z;’s. In Section 10, we describe the way in which
the ko, analogues Ay of Ay, and 2By, of By (if there are ¢ z;’s) are built from a
sequence of charts M with differentials between them. The results of Section 9 imply
that these are closed under differentials and fill out ko, (K>).

In Section 11, we use a small example, Ay, to illustrate how the differentials combine
to yield a nice picture for this summand of ko.(K3). We also explain how the initial
part of A, which differs from everything else, is handled.

Our favored description of Ay in Section 3 is in terms of pre-edges and subedges.
There is a nice pattern of differentials from the subedges to the pre-edges, turning
pre-edges into edges. In Section 12 we show how the 2¥=! charts M2 which form A,
work together to form the pre-edges and subedges. The upper edge, which involves
the initial part considered in Section 11, is slightly different than the others, and is
discussed at the end of Section 12.

In Subsection 13.1, we describe how the summands that build A, work together
in the spectral sequence. The proof that the differentials are as claimed is given in

Subsection 13.2, by comparison with the ku, differentials obtained in Sections 8 and
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9. In Subsection 13.3, we explain how the nice pattern of exotic extensions in the ko,
ASS is established, using comparison with ku, extensions, Toda brackets, and Adams
periodicity.

In Section 14, we discuss modifications required in the formation of z*By .

8. USING THE ku* DIFFERENTIALS

In this section, we make our first, very preliminary, step toward a proof. Our input
is formulas ([10, Theorem 3.1]) for differentials in the ASS converging to ku*(K»),
which were derived in [10] by complicated ad hoc methods. In the final section of [10],
almost as an afterthought, we sketched an approach to ku*(Ks) and ku,(K>) which
involved summands in a splitting of H*(K3)? as a module over a subalgebra of the
mod-2 Steenrod algebra. This summand approach will be the way that we compute
ko.(Ks).

In this section, we focus on the summand A, of ku*(K,) and show specifically how
the formulas for the differentials in the ASS of ku*(K3) can be applied to the summand
approach to ku*(K3) and then to ku,(Ks). There is an exterior subalgebra E; of the
mod 2 Steenrod algebra with generators )y and ), of grading 1 and 3, respectively,
such that the Fy page of the ASS converging to ku*(K>) is Extg, (Zo, H*(K3)). We
depict the spectral sequence using ku* gradings increasing from right to left, as was
done in [10]. We draw Ej-modules using straight lines for the action of Qg and curved
lines for the action of Q).

In [10], we introduced classes z; € H* "*2(K,), 5y € H*(K,), and ¢ € H?(K,),
and Ei-submodules M; for k > 4, which we picture in Figure 8.1 for 4 < k£ < 6,

indicating the grading of the classes.

Figure 8.1. E;-modules M,.

e O\ 68 69

*——e0

17 18 33 34 35 36 65 66 go 20
Ms

M, Ms

The classes in Figure 8.1 with grading 18, 34, 36, 66, 68, and 70 are

2 2 2
22, 23, %9, %4, 23, and 29 %3

3Coefficients of cohomology groups are Zs unless noted to the contrary.

(8.2)
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respectively. Pictures of Extpg, (Zo, M) are given in Figure 8.3, where vertical lines

indicate multiplication by hg, and diagonal lines multiplication by v € ku 2.

o

18 16 36 34 32 70 68 66
k=4

Figure 8.3. Extg, (Zo, My).

We call these v-towers. Their generators are the classes listed in (8.2).

Analogous to [10, Figure 17] is the list in Figure 8.4 of Fj-submodules which com-
bine to form Ay C ku*(K3). We list them in order of decreasing grading to correspond
to the order in the ku*(K3) chart.

Figure 8.4. Fi-modules building Aj,.

M yigzsMy  yizsMy  yiqMs yiMs  yigM, yi My yiN
70 66 60 57 52 47 42 38 35 32
=% oo o 64 o —o oo —o oo - - =% o o o

Here N is an Ej-module pictured in Figure 8.5; Extg, (Z2, N) is also in Figure 8.5.
The cohomology class in grading 9 is ¢, and, as shown in [10, Figures 8 and 9], the

generator of the first infinite tower in Ext corresponds to v?q.

Figure 8.5. N and Extg, (Zy, N).

N
5 /I

10 8 5

We extract from [10, Theorem 3.1] the formulas for differentials in the ASS con-

verging to ku*(K,) relevant to this approach to A;. Here Aj; is an exterior algebra
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on classes z; with 4 > j + 1, and ®A;;; means that the formula can be multiplied by

any monomial in Aj.

() = hoviay]
d*(qyi**' 25) VYitzz @M, j>2
d5(qy4a+3z2 1) vy 2375 ®@Nj11, 723
AP (qui* "2 yzi) vy 2z ®@Ajy1, j >4
E(qyi™t) = vlyitz
&’ (hov®qyi**?) IR T
d (hgv*qyy™*T) iy 2y

After the first formula is applied to y{ N & (y%), the surviving v-towers are hhv?qy]
for 0 <t < 2. The other formulas apply to these v-towers and all those in the other

summands in Figure 8.4. We show these in Figure 8.6.

Figure 8.6. Differentials leading to A,.

Mg yigzsMy Y7z My yiqgMs y1Ms yrqM, yi My yiN
2 2
v22223 A y1qz3z viyta2 i Yz
5
vz d viaz;
2
vPyizsz - Yiqzs
12

0162, d hiyiviq

d5

vyt hoy{v?q

6. .d*

vt YiRg «— ?J1U q

After these differentials, what remains in A, are truncated v-towers of the targets
of the differentials in Figure 8.6. We depict this in Figure 8.7. The classes in the
lower right corner come from Figure 8.5 after multiplying by y!. This chart agrees
with the A4 part of [10, Figure 1] except that we do not address the exotic extensions

here.
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Figure 8.7. v-towers in Aj.

70 66 60 52 42

For ku.(K3), the Ey-page is Exty (H* Ky, Zy). For its Ay, called 7, we use the
summands of Figure 8.4 but arrange them in the opposite order. The Ext groups
corresponding to Figures 8.3 and 8.5 are presented in Figure 8.8. See [11, Figure 4.2]
for N.

Figure 8.8. Extp, (My,Zs) and Extg, (N, Z,).

We dualize the ku* differentials, similarly to [9]. In Figure 8.9, we show the dual-

ization of a d? and d° differential from 8.6.
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Figure 8.9. Dualizing d?> and d° differentials.

ku*, d? k., dy

70 68 65 64 67 69

ku*; d5 ku*; d5

70 66 57 5¢ 65 67

The justification for this duality of differentials is the duality of groups,
ku. (Ky) = (ku™t(K3))Y, (8.10)

which was proved in [7, Example 3.4] and restated in [10, Theorem 1.20]. Here M"Y
is the Pontryagin dual of M. The Pontryagin dual of the two ku* charts in Figure
8.9 have v-towers of height 2 and 5 on classes of grading 68 and 60, respectively,
corresponding to v-towers on classes of grading 64 and 56, respectively, in the ku,
charts. Note that in the Pontryagin dual, the action of -2 and v appears backwards
from its usual appearance.

There is a ds-differential from Extg, (y7 N, Zs) to Extg, ((¢%), Zs) pictured in Figure
8.11. This and the first differential in the above list of seven differential formulas in
ku*(Ky) are derived from [4] as discussed in [11, Section 4] and [10, Section 3|. This

truncates all the infinite vertical towers, leaving the classes indicated by dots.
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Figure 8.11. Differential killing infinite towers in .«7.

32 36 40

This leaves three infinite v-towers from the (y¥) @ y/ N summand in the summand
approach to determining 7. In Figure 8.13 we dualize Figure 8.6. We write the
summands in the opposite order. The direction of the differentials is reversed. For
example, the duals of the d? and d® differentials in the upper left part of Figure 8.6
are shown in Figure 8.9 and appear in the upper right corner of Figure 8.13. The
classes now have different names. What will be useful for us in passing to ko, is the
type of differential between the summands. One difference is that the d?, d°, and d'?
differentials in the lower right part of Figure 8.6 become dg, dy, and di5. We show
this for the d? in Figure 8.12. This is caused by the triangle of classes of height 4 in
the ku, diagram.

Figure 8.12. Duality of a d*> and d; differential.

42 36 33 32 36 41

ku*, dg ku*, d6

The v-tower of height 4 in ku*(K3)" on a class of grading 36 corresponds to a v-tower

of height 4 on a class of grading 32 in ku,(Ks).
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In Figure 8.13, we list the differentials for the summand approach to 7. We

write the gradings of the generators of the v towers involved in the differentials. For

example, the ku, differentials in Figure 8.9 are in the upper right corner of Figure

8.13, while the ku, differential in Figure 8.12 is in the lower left.

Figure 8.13. Summand approach to 7.

8

Yy M,y Y2 qM, yiM; vigMs  yPaMy  yiqzsMy Mg

Y1
46— 51 64 —B2 g9
56 ds 67
54— 59
L32 dis 65
hotss d 49

h%ng ‘—dﬁ; 41

We close this section by displaying in Figure 8.14 the result of these differentials,

the A, analogue of Figure 1.2 without the exotic extensions. For example, the dg

differential to hZi3s hits v*hiiss.

Figure 8.14. 7, without exotic extensions.

32

36 40 44 48 52 56 60 64
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9. SUMMAND APPROACH TO ku*(K3)

In this section, we provide more details to the summand approach to ku*(Ks)
initiated briefly in [10, Section 7] and introduced here in Section 8. In subsequent
sections, we will use it to determine ko, (K3). We use the notation of [10] as recalled
early in Section 8.

First we define some Ej-submodules of H*(K5) which generalize Figure 8.4. Here

and elsewhere v(m) is the 2-exponent of an integer m.

Definition 9.1. For k > 1, let
2k=2_1

Cr = (110 ® v7) @ yi Ky 1)) Moy 44,
where J(k,i) = 2F — 4(2"® + i) and z(> 2”) = [1%j, if ji are distinct integers.

For example, Cy is the sum of the modules in Figure 8.4, omitting Mg and the
last two. Note that C; = Cy = 0. Also M3 = 0. We recall notation from [10],

Zﬁ = 2k Zp_1.
Definition 9.2. For k > 1,
Ay=M0Ciay? "'Nea @)
For1<k<U,
EW = 2eMjt2 @ 2C, @ y%kil_lquﬂ ® y%kilMHz @ y%kilzﬁck S ?J%k_lqzﬁﬂMszr?-

For example, 121\4 is in Figure 8.4. Since we are thinking here of the spectral sequence
converging to ku*(K,), and we depict that spectral sequence with gradings decreasing
from left to right, we prefer to list our modules in that order, too.

In this section, we prove the following two key theorems. As in [10], A; denotes
the exterior algebra generated by all z; with ¢ > 7, thought of as a set of monomials

used as coefficients. We often use juxtaposition for tensor products.

Theorem 9.3. There is an isomorphism of Ei-modules,

H(K>) = B vl 'Avo @ o7 'Aei B & F,

12>0,k>1 1<k<?t
>0

where F is a free E1-module.
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Asin [10], F'is computable but not of interest. It gives rise to a trivial ku*-submodule
of ku*(Ky).

Theorem 9.4. Fach yszzzl\k and yfkiAgHék,g is closed under the differentials in the
ASS converging to ku*(Ks), as listed in [10, Theorem 3.1].

The ideas in the following proofs will not be needed elsewhere,

Proof of Theorem 9.3. By [10, Proposition 2.11, (2.16)], ignoring the free part, the

E;-summands of H*(K5) are
[h) 20> LU 11> 0} Uyl MiA 1, qiMiA, i > 0, 5 > 4},
From the last two summands of the A\k’s, with their coefficients, we get
TN k> 1,0 >0 = {yiN i >0}

and

{ k=102 00 = {(y}) i > 1}
Since C7 = 0 and M3 = 0, all El,g with their coefficients give all yf”leAj_l and all
y%iqM N1

For the rest, we consider the part without the ¢ factor. We will show that we obtain
exactly all y?'M;A;_; with j > 4. The part with ¢ follows similarly.

Asin [10], let yp =y " Welet Ty, = {y2" " : i > 0}, which we think of additively
as an exterior algebra on {y; : i > k}, analogous to Ay for the 2’s.

We consider the coefficient of M. When we talk about A’s and B s, we always
include their coefficients as given in Theorem 9.3. We consider first just the non-C
part in Definition 9.2. Then A\k,Q gives I'y_1 as coefficient of Mj,. Next, s, B\k,u
gives T'k—1-Upspg 2eNe1 = I'v—1A,_1, where the bar denotes the augmenta?tion ideal.
Combining Wigh the part obtained from Ek_2 yields I'y_1Ag_1.

The y2 " My, part of B;j_o for 2 < i < k—3 gives Ap_y - {y! : 1 < v(t) < k —4}
as coefficient of M. The I'y_1A;x_; obtained in the preceding paragraph gave the
portion with v(t) > k — 2. So the combination of the non-C' parts gave everything
that we want except yr_ol'x_1Ar_1.

One can show that, for p > k — 1, the coefficient of M}, in C), is

p—1
Yr—2 H {zi, ui},

i=k—1

(9.5)

(9.6)
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where, as in [10, (1.7)], the product-of-sets notation means the set of all products
containing one choice of the two elements in each factor. For example, if p = k + 1,
this product is {zx_1Yk—1, 2kYk—1, 2k—1Yk, 2kYk }- An empty product equals 1. We verify
the claim when p = k + 1. The relevant values of i in Definition 9.1 are 28~%u for
u=1, 3,5, 7. For these, the z(J(k + 1,4)) equal, respectively, zx_12x, 2k, zx—_1, and
1, while y?* are yr_2, Yr—2Yr—1, Ye_2Yk, and yp_oyx_1yx. The case of arbitrary p is
similar.

Now we complete the proof by showing that the coefficient of M} coming from the
occurrences of various C),’s in A\p’s and EM’S is Yr_ol'k_1Ax_1. Since yi_o is always a
factor in (9.6), we shall omit writing it in what follows. When we write “From //l\p”

2

or “from EM, we always mean to include their coefficients as stated in the theorem.
From A, 1, we get Ty (as coefficient of Mj,), since the product in (9.6) is empty.
From ngk Ek_u, we get
I - U L7\ VASRUET Y I U Ze N

o>k >k
= T Uyp1Dezeo1 Ay

We combine with the part from gk,l to remove the bar, yielding

FkAk{la ykflqu}-
From A\k, using (9.6), we get I'yyq - {2k_1, yx—1}. From U£2k+1 B\k’g, we get
{z—1, -1} kg1 U {zeNes1, Yo ZpNea }
>k+1
= {2zt v 1 T (An U yeze i)

The part from A\k removes the bar, yielding

CeviArri{zr1, uk1 ) - {1, yrzn
The part in (9.7) is everything in I'y,_1Ax—; with an even number of factors with
subscript £ — 1. The part in (9.8) is everything with an odd (resp. even) number of
factors with subscript & — 1 (resp. k). Using fAlkH and §k+1,€» we will get those with
odd (resp. odd, even) number with subscript k£ —1 (resp. k, k+1). This will continue,
yielding all of I'y_1Ax_1, as desired. W

(9.7)

9.8)
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Proof of Theorem 9.4. We begin by considering the differentials within C}. In Table

2, we list C5 as a guide.

Y1qz3zaMy  yizzzaMy yiqzaMs yizaMs y2qzaMy ySz4My ylqMs
YiMs  ylazsMy  y°zsMy yi'qMs  yiPMs  yPqMy  yitMy

Table 2: Cs

Let Y denote the term in C} containing y{ as a factor. For example, Y35 =
y3qzaMs. We conflate M; with its chart, Extg, (Zs, M;), as pictured in Figure 8.3.
Note that M; has j — 3 v-towers. For example, the v-towers of M; are generated by
252324, 2524, 23, and z5, in order of decreasing grading. We let b;(M,.) denote the ith
generator from the bottom of M,, and 7;(M,) the ith generator from the top. For
example, by (My;) = z5 and 7o(M7) = 2324,

We recall the notation of [10, 1.12)]:

Zij = {ZZ(ZZ A Z = ]

2 i=7
Then b;(M,) = z_1_i,—2 and 7,(M,) = 2ziy1,-0. If Yo = cM;, we let bj(Y, ) =
cb;(M;) and 7;(Y, ;) = c¢7;(M;). Our claim is that the differentials of [10, Theorem
3.1] are exactly
& (B (Varasny-1k) = 07 I (Vo) (9.9)

for 1 <a <2k t1 _92with 1 <t <k—3. This will remove or truncate all v-towers
except 71 (Yor_14) and by(Yor-1_gry) for 1 < r < k — 2. To justify this, we use Cs
as our example and consider Y, with r even. The image of d* is all 7 (Ya,5) for
1 < a < 6, while im(d®) is {72(Yy5), 72(Ys5}. Since Y, has v(r) classes when r is
even, the elements not in im(d) are 735(Ys5), 72(Y125), and 71 (Y145), each of which is
by.

Now we work toward proving (9.9). The formula in [10, Theorem 3.1] is

1_ a
Gzjorpng) =07 Uz 0z (9.10)

for j > ¢ + 1. This can be multiplied by A;;;. Our formula (9.9) says
d2t+1—(t+1)(yf (a+1)_1qz(J(l€, 2t—1(a + 1)))bt(Mt+3+u(a+1)))
= U2t+1_(t+l)y%ta2(¢](k, 2t_1a/))7_t(Mt+3+y(a)). (911)

d2t+1_(t+1) ( %t(a—i—l)—l

Y
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We have
2(J(k, 27N e+ 1)) = 2° = 212 a4 1)
and
2(J(k, 27 a)) = 28 — 211 (27 1 q).

If a is odd, then

2(J(k, 27 ) = 2(J(k, 2" (a + 1)) 4 2tF1FvlatD)
with v(z2(J(k, 2" (a+1)))) >t + 14 v(a+1). If a is even, then

2(J(k, 27 Ya+ 1)) = 2(J(k, 20 a)) + 20712V — 2)

with v(z(J(k,2"71a))) > t + 1 + v(a).
If a is odd, then, with v = v(a + 1),

by (Mt+3+u) = 224u,t+1+v

and 7;(M;13) = zi41. In this case, our formula (9.11) becomes

d2t+17(t+1)<y?(a+1)* 2 —(t+1), 2"

1 a
qPz2 1y t1140) =V Y1 “Zer1o P2

with P € Ayi94,. This agrees with (9.10) with j =¢+ 1+ v.
If a is even, then, with v = v(j), by(Miy3) = 22441 and 7 (Myys10) = Zes1 44140 In
this case, our formula (9.11) becomes
d2f+1—(t+1) (

2t (a+1)-1 21— (t+1)
1

2tq
y Q22 2 Poag1) =y Y1 Pzt

with P € Aypoy,. Since 214140 = zt2+1 © Ziy2 " Ziew, this agrees with (9.10) with
J =t+ 1. This completes the proof regarding differentials within C.
Next we handle the differentials in gk from C} to My o. We claim that

D (1 Yy p)) = 02 D1 (M)

for 1 <t <k — 2 follows from (9.10). These can be seen in Figure 8.6 when k = 4.
We have

T (Yo 1p) = y%tfqu(J(kaQtfl))‘Tl(Mt+3)

2t—1
= Y1 Q242 Zg—1 " 22t41-

By (9.10), a2 ~(+1) applied to this equals

v2t+1—(t+1) 2

20— (t+1
Ziy1 A2 k-1 = U e+1)

20+ (141
Zepr =07 T (M),

as claimed. The same argument applies to differentials in EM from 2,C} to z¢ My o.
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Next we explain the differentials in Ek from the yfk_l_lN part. See Figure 8.6 for
a depiction of the case k = 4. Using the Ext calculation pictured in Figure 8.5 and
the differential
a2 (1) = hgDvPqyi!
from [10, Theorem 3.1], the v-towers remaining in 32 ' are

h8v2qy%k71_1 for 0 <s<k-—2.

These satisfy

t+1_ 1)2t—1 t+1 t
d2 (t+1)< (a+1) ) = 02 2tq

ho vy =0 Y} "z
by [10, Theorem 3.1]. Here 1 <t < k — 1. With (a + 1)2! = 21 50 2lq = 21 — 2,
the target classes are the remaining classes by (Yar-1_o¢ ;) (see after (9.9)), including
also by (My2).

Next we discuss the differentials in Ek’g from the yfk’qu,ﬁ 11 M2 part. We factor
out the Zf_ ,, so are hitting into y%kilszk. We have, using [10, Theorem 3.1], if
1<t<k-2

d2t+1 (t+1) (y% 1qbt(Mk+2)) — d2t+1 (t+1) (y% 1q2k+1—t,k)

t+1 k_ot
02 (t+1)y2 2

= 1 Rt+1%k
2t+1_ t+1 2k—1 2k—1_2t
= v ( )y1 (5 “t+1%k

1 k—1
= 1)2 (H_l)y% bl (}/2’“*1—2'5,16)2167
which were the remaining v-towers in y%k_lsz’k. Ift=k—1, then

1_ k_
" (Hl)(y% 1q Z£+1bt(Mk+2))
_ ’U2t+1_(t+1)y%kflz£+lzz

20+ —(t+1), 2k—1
= v 0y 2

20— (¢+1), 2k—1
= v Dy 11 (Miy)

. 21{:71
iny;  Mpio.

The argument for differentials in Ek’g from y%k_l’lqMHQ to 2,C}, 1s almost identical.

+1_ k—1_ t+1_ k—1_
d* (Hl)(y% lqbt(MHz)) = & (tﬂ)(y% lqzﬁrl—tvf)
t4+1_ k—=1_ot
— U2 (t+1)y% 2 2412

20— (41
v ( )bl(YVqu_Qt’k)Zg,
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for 1 <t < k-2 Ift=Fk—1, this is hitting vzt+1*(t“)ze7'1(Mk+2) in the zy My o
part of EW. Note that v-towers on yfk_lflqbt(MHQ) for k <t < ¢ —1 are not yet
accounted for by these differentials.

Next we show that (9.10) implies that the differentials from 42" ' Z{Cy into y2 My,
hit o2 =02 (M) for 1 <t < k — 2. (The case t = k — 1 was also hit, two
paragraphs earlier.) We may ignore the yf’ﬁl factor. The v-towers in C} remaining

to support differentials are

ni(Yoroix) = 48 g 2(J(k, 27 )T (Migs) = v a0 ZF 0 200
for 1 <t <k—2. By (9.10)

t+1_ t4+1__ t t+1_
2 (1) (7 i (Yar1z)) = 2 Zf+2 gt+1 (t+1)zt+1 _ 2 (t+1)zt+1,€ _ 2 D1 (Mygs).

What remains to consider in BW are the v-towers on y%kilbi(MHQ) and yfk_lflq bp—1+i(Myy2)
for 1 <1i < {¢— k. (Here we have used b;(Myi2) = 1p—i(Mys2).) A different formula
from [10, Theorem 3.1] says

k41, 2k—1 k41 2k-1_9
A (y;  z) =0Ty 4 Z¢—(k—1),¢

for £ > k + 1. This says
A (2 by (Miga)) = P2 L by (M),

This differential is taking place in the sum of two charts of the form illustrated in

Figure 8.3. The charts are displaced by 1 unit. For ¢« < ¢ — k, we have
o (M) = d T 0 b (M)
= d" (Y R b (M)
= T g b (M)
= T T g T i (M),
Hence for i < ¢ — k, we have

Ay bi(Miya)) = 05y g b1 (M)
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10. THE SUMMANDS FOR A;, AND By

As we illustrated for A, in Section 8, if we apply Extg, (—,Z2) to the summands of
fAlk or Bk,g, we obtain the Ey page of the ASS converging to summands of ku,(K5),
and the differentials are dual to those in the ASS converging to ku*(K>).

The ASS converging to ko.(K>) has Ey = Extyq)(H* K>, Zs), where A(1) is the
subalgebra of the mod-2 Steenrod algebra generated by Sq' and Sq®. In [12], we found
A(1)-submodules of H* K5 corresponding to the Ej-submodules in the splitting (9.5).
We also found Ext A(1)(—, Z3) for each of these summands. We review this now.

Multiplying by y? just suspends by 2. Corresponding to y; is an A(1)-module U.
There is an A(1)-module N which restricts to the Ej-module N. Corresponding to
y1 N is an A(1)-module NU, which satisfies N@ U = NU @ F, with F' free. We defer
discussion of the charts for these modules themselves until the next section.

We denote by My, the A(1)-submodule of H*K, found in [12] whose Ej-module
structure equals that of the Ej-module My in (9.5) plus possibly a free Ej-module
of rank 1, and let M, = 22 M,. The chart for M, is M}, where M} is described
in Figure 3.3 and subsequent discussion. If z; = z;, ---2; with j; distinct integers
satisfying j; > k — 1, then ij/\/lvk is an A(1)-submodule of H*K, with chart E‘*DM,:,
where D = 3" 27 and M] is as defined just before Figure 3.4. It is formed from M}
by decreasing filtrations by 7. This follows from [12, Proposition 3.5].

Corresponding to multiplication by ¢ in (9.5) is just 9-fold suspension. Correspond-
ing to yy 25 My, in (9.5), with J as above, is an A(1)-module Uz;M,, described in [12],
where its chart is shown to be 2" S4PMI*2 with D as above. That is, multiplying
zyMy by U reduces filtrations by 2 without changing the number of suspensions.

We have now described the A(1)-submodules corresponding to all the F;-submodules
in (9.5), and [12, Theorem 3.9] says that a sum of them gives an A(1)-module splitting
of H*K5. We define Ez and ZJEg,E to be A(1)-modules formed from the A(1)-module
analogues of the Fj-modules that formed Ek and z JB\M in Definition 9.2. The proof
of Theorem 9.3 applies to A(1)-modules just as well as to Ej-modules, and so we have
the A(1) analogue of Theorem 9.3.
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Theorem 10.1. There is an isomorphism of A(1)-modules,

* ki To kg no
H*(K>) = @ yi Ay @ @ yi "Ny By @ F,
i>0,k>1 1<k<t
>0

where F is a free A(1)-module.

We will see in subsequent sections how the differentials among the summands of
Ay or 2 JEM imply differentials among the corresponding summands of Xg or E,‘;Z,
and these are closed under differentials by comparison with the ku result, Theorem
9.4.

Incorporating this observation, we can prove Theorem 1.3.

Proof of Theorem 1.3. Since y? = ¥® and Ay is the resultant of differentials and
extensions in the ASS of /Alg, the first half follows immediately from the first half of
Theorem 10.1. There is a 1-1 correspondence between integers 2+'i and monomials
in Agy1, given by 271 = 3029 <3 [ 25, = 25 with j; > ¢+ 1 distinct. Since (i)
equals the number of 27’s, we have z;By, = 24'2H1iz0‘(i)l§’u, and the second half of
the theorem follows from this and the second half of Theorem 10.1. H

We will be working with charts rather than modules, and so we wish to take
advantage of the M notation. Recall from Sections 2 and 4 that .Zk = Z*ZkHAk
and gk,g = Z_zzﬁBk,g. We define a tableau for .Zk or gk,g to be a list or direct sum
of the charts which combine to give their Fy page, but also usually include arrows
for the dsy-differentials. These are listed in order of increasing grading. The first two
summands of ﬂk are different and will be discussed in the next section; they involve
higher differentials. The first summand, called Vj, was defined already in Definition
3.19.

In either the ku* or ku, or ko, context, we associate to M or M the grading
2% (even though it starts in grading 2% + 1.) Then M will have associated grading
0, even though it starts in some positive grading. A summand yi*z(J(k, 7)) M, ()14

appearing in C} in Definition 9.1 has associated grading
8i 4 4(2F — 4(270) 4 4)) 4- 20O+ = ok+2 ;.

For jk, we subtract 2! from the grading, and so, listing them in order of increas-

ing grading, opposite to the order in Section 8, associated to grading 8t in A, is
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g2 (T (k262 — 1) Myyia. For 1<t < 2872 J(k, 282 — 1) = 4(t — u(1)), so
there are a(t) — 1 z’s in z(J(k, 22 —t)). Hence the chart will be Egt]\/[lf‘(%);j. The
next term in the list will be the one with the same i value in Definition 9.1 but with
y? replaced by y1q, so X® replaced by XU, and U adds 2 to the superscript of M.

Thus the tableau for .»Zl/k is

2k—2_1
i a(i)+1 i a(i+1)—1
(Vi S3M9) @ @D (ZF My SSEaii . (10.2)
=1

For example, the tableaux for A, and Aj are in (10.3) and (10.4).
Vi S8MY SO0ME < SMYD SYME - P M) SEME — SR MY (10.3)

Vs = S8MY) SOMF < SMY SYME - M) SFM « 2P2MY
SEME — XOMy SUMG - SPMy SUM? «— ¥OM; XM XMM). (10.4)

If the reader wishes to compare with Table 2, note that the order of terms is reversed.
For example the entry %33 Mg at the beginning of the second row of (10.4) corresponds
to the ylqM;s at the end of the first row of Table 2. The grading associated to the
latter term in .,Z(E, is 24 4+ 9 + 64 — 64. Recall that multiplying by a single y; doesn’t
change the number of suspensions; it lowers filtrations by 2 since its A(1) analogue is
U.

The tableau for By, when k > 3 is in (10.5). For k < 2, they are in (10.6). These

are seen by comparison with Definition 9.2.

2k=2_2
{—k+1 8 rl—k 8i+1  fl—k+a(i)+1 8i4+8 1 fl—k+a(i+1)—1
EMy s XM @ @ (X% M, a < o0 My i) )
i=1
O™ TTMT = XM ) @ (SFTHME, - ST
2k=1_2
8i+1 3 ya(i)+1 8i+8 7 rau(i+1)—1 2k+2 75 rk 2k+2 5 11
& P EF ML <=M ) e (8 Mf 277 ML) (10.5)
i=2k—241
Biy: M}, — $°MY,, (10.6)

Boy: SMIt — S8MP,, ¥OM?2,, « BM]
The surprising change in position of superscripts when k& = 1 is due to the 28! in
Definition 9.2.
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We will compare these tableaux with their ku-homology analogues. In the ku
context, the role of the superscript is 2. This is because the role of z; in ku-homology
or ku-cohomology charts is £ +2. Recalling that reducing filtration in M charts by
4 is equivalent to an 8-fold suspension lends credence to the correspondence between
reducing filtration by 1 (for ko) and suspending twice (for ku).

The tableau for zigu is obtained from (10.5) by increasing all superscripts by i.
As mentioned in the introduction, z* refers to any product of i distinct E*Qj“zj’s.

We close this section by discussing briefly the trivial ko,-submodule of ko, (K3). The
A(1)-module H*(K5) can be decomposed as I@ F, where I has no free summands, and
F is free. The trivial ko,-submodule corresponds to a basis of F'. By [12, Theorem
3.9], I can be written as

Pyl @ (U (y}) © N ® NU @ (2, ® £°) @ (MiAp—1 & Mih1U)).
k>4
Using results of [12], one can write a Poincaré series for I. For summands such as
2y My, we know the Ext chart, and can determine from that the A(1)-module struc-
ture. Since things become quite complicated, here we just present through grading
24. In this range, I is just Plyf]® (U@ (y7) ®N®&NU & My@® M,U), and the Poincaré

series P is
22+t 22 + 28+ 2"+ 228 +22° + 2210 + 32t + 3212 + 32" + 321
+221 4 221 4+ 3217 + 3218 + 4210 + 5220 + 522! + 52 + 42 + 327

Unreduced H*(K3) is a polynomial algebra on classes of grading 2/ + 1, j > 0,
from which its Poincaré series Py is easily written. The Poincaré series for A(1) is

Pyqy =14z + 2% 4 22% + 2* + 2° 4 2°. The Poincaré series Pr for F' must satisfy
Py—1=P+ (PA(l) . PF).

We compute Pp to begin

PF — ZEG +Jf10 + le +3[E14 +$15 +JZ16 + 3[[‘18 +ZE19 + 31,20 +ZE21 + 51,22 + 31,23 + 51,247

the start of the Poincaré series for the trivial ko,-submodule of ko.(K3) through

grading 24.
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11. COMPUTATION OF A, AND A;

In this section, we present a detailed argument for the ko-homology chart A4, given
in Figure 2.2, setting the stage for more general arguments to follow. At the end of
the section, we also do A;, which does not follow some formulas for larger k.

The first part of A9 is the A(1)-module (y8) & y$ NU, where NU is an A(1)-module
discussed in [12]. Its A(1)-module structure and the chart Extq)(NU,Z,) appear in
Figure 11.1.

Figure 11.1. NU and its chart.

Sy .
11 9 13 17

The chart for (y3) @ y$NU appears in Figure 11.3. There is a ds-differential from
grading 33 to 32 implied by comparison with Browder’s result ([4]) that Hss(K>) ~
7,/32. See [14, p.124], [11, near Figure 4.2], or [10, Figure 11] for similar discussions.
The ds-differential is promulgated by the action of ko, on the spectral sequence.

There is an exotic n extension from (35,0) to (36,5), and this is promulgated by
vi-periodicity. This follows from a result in [8, p.228], which says that

if d.({cr,n,2)) =28, then an = p.

Here (a,n,2) is a Toda bracket which gives v;. The bracket relation can be de-
duced from Figure 11.1, where the class in (13,1) comes from the relation Sq® g1, =
Sq?Sq® go. That v; times the class in (43,4) in Figure 11.3 equals the class in (45, 5)
can be deduced from the morphism ku, 5 ko,. We prefer to elevate filtrations of
classes to make 7 extensions easier to see. In effect, whenever we have a d,-differential,
we elevate the classes supporting the differential, and most of those already related to
them via hg or hy or v}, so that the differential looks like a d;. When this is done to
the chart on the left side of Figure 11.3, the chart on the right hand side is obtained.

(11.2)
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Figure 11.3. (y§) ® y$NU with differentials, and redrawing.

A
4 v

32 36 40 44 32 36 40 44

The right side of Figure 11.3 is what we called 32V} in (10.2). It was useful to
incorporate the Y32 at the outset because it affected the differential in V. But now we
wish to switch to Ay, by applying ©32. Now we consider (V  $8M?) in (10.2). The
chart is on the left hand side of Figure 11.4. The differential follows by comparison
with the ku case, which is pictured in the right side of Figure 8.12. The differential

agrees with the first morphism in the exact sequence
ko.(M(2)) = ko (M (8)) — ko, (M(4)) — ko.(XM(2)),

where M (n) is the mod-n Moore spectrum. So the resultant must be ko, (M (4)). In
the middle part of Figure 11.4, we show the differential interpreted as a d;, and in the
right hand side we show the result, with the 7 extension incorporated. The middle
and right parts omit the portion in grading less than 8. It should be included, and
several of its classes are promulgated by v{-periodicity. The 1 extension from 11 to
12 in the right hand chart can also be deduced from (11.2).

Figure 11.4. V; + X8M}

s

8 12 8 12
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In Figure 11.5, we show how the next ds differential in the tableau (10.3), 9 M7 +
LMY is deduced by naturality from the dy in the ku spectral sequence. The ku
differential can be seen as the 46 <— 51 arrow in Figure 8.13. In Figure 11.5, we
are using gradings for .114, which are 32 greater than the A4 gradings in Figure 8.13.
The first ko differential is implied by naturality, and the next two are implied by the
action of 7. The fourth one can be thought of as being implied by the action of vy,
or can be deduced from the map ku, 2(—) — ko.(—). In the figure, we use big dots

for the ones that map across under c.

Figure 11.5. Deducing a ko differential from ku

ko, . ku,
<
12 16 20 16 20

In the next three figures, we show the three ds-differentials involved in forming .Z4.

(See (10.3).) In each case, the domain chart has its filtrations increased by 1, so that
the dy looks like a dy. In the right side of each chart, we show the resultant. Of the
early classes in the target chart, some are v{-periodic in the resultant charts, while
others are not. The ones that are not are indicated with open circles in the resultant
chart. They will “stay behind” when subsequent differentials are considered, and will

form the subedges.

Figure 11.6. X9M7 < %1600

12 16 20 23 12 16 20
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Figure 11.7. X' M2 + %M}

o ©)

20 24 28 20 24 28

Figure 11.8. XM} + X320

7 3 G

30 35 39 30 35 39

In Figure 11.9, we combine Figures 11.4, 11.6, 11.7, and 11.8. There is a dg from the
periodic part of Figure 11.6 to 11.4, and a d4 from the periodic part of Figure 11.8 to
11.7. These are deduced by naturality from the d5 and dy in Figure 8.13. The indices
of the differentials are decreased by 1 because of the filtration shift incorporated in
the dy’s above. In Figure 11.9, we increase filtrations of periodic classes so that the
differentials look like d;’s. This allows for nicer pictures showing -2’s and 7’s more
clearly, which is useful in consideration of subsequent differentials.

We use double circles for the previously-circled classes, and use single circles for
classes in Figure 11.7 which survive but do not lead to periodic classes, since v{’
times them are hit by differentials. These circled classes form another edge. Note the
significance of the periodic class in grading 13 in Figure 11.6; it supports a differential

in Figure 11.9 because v} times it does.
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Figure 11.9. Forming Ay

: e

& S © ©

0 4 8 12 16 20 24 28 32 36

The result of each of the three sets of differentials pictured along the upper edge
of Figure 11.9 is a lightning flash, starting in grading 16, 24, and 32, continuing
indefinitely. The result of the group of differentials in the lower edge is a lightning
flash, beginning in 33, promulgated by v{-periodicity. There is a d;o-differential from
this lightning flash in 33 to the one in 32, deduced from the morphism of ASS’s for
ko,(Ks) — ku,(Ks). The differential in the ku, spectral sequence is the dyg in Figure
8.13. (This would have been a dy if we had employed similar filtration shifts in the
ku, spectral sequence. Note also that gradings in Figure 11.9 differ by 32 from those
in Figures 8.13, 2.2, and 8.14 because those are for A, while here we have been
considering j4.) The d;» totally annihilates both lightning flashes and all subsequent
ones, turning what had been an infinite picture into a finite one.

Note that v times the classes in (28,2) and (29, 3) in Figure 11.9 are in the lightning
flash supporting differentials, and so they support d;5 differentials into the end of the
lightning flash that started in 24. The result of this is Figure 2.2.

The relationship of the above analysis with the approach to edges given in Section

3 will be explained in the next section. As a preview, the circled classes in Figure 11.9
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are Y88, 3 (grading 12 and 14), %19&, 4 (gradings 20 to 30(top class)), and %243 4 (30
and 34). (See Figure 3.11.)

The exact sequence
k’O*_l(KQ) L) k’O*(Kz) —C) ku*(Kg) — k’O*_Q(Kg) L) ko*_l(KQ) (1110)

can be used to deduce extensions. In [10], we established that there are nontrivial
extensions in Figure 8.14 in grading 58, 60, 62, and 64. The classes in kosg(K3) which
are not in im(n) must map to kuss(K3); the extension in the latter implies one in
the former. The two classes in koge(K3) in Figure 2.2 must be in the image from
kues(K5), where the extension is present, implying the extension in koga(K3).

We conclude this section by deriving the chart for A, since it is slightly special.
Its chart is formed from the A(1)-module U & N. These modules are defined in [12,
Section 3] and their charts are in [12, Figure 3.10]. We reproduce them here in Figure
11.11 with N in red.

Figure 11.11. Forming A,

2 4 8 12

The dy-differential was first noted in [14, p.124] and was shown in [11, Figure 3.1].
It follows from [4]. The only classes in A; are the Zy’s in grading 2 and 4.

12. DERIVATION OF EDGE DESCRIPTION

The derivation of Definition 3.8 requires a careful study of the tableau (10.2) for Aj
and the ways that edges (or pre-edges) are associated to arrows in the tableau. For
every arrow with target X% M, there is a corresponding pre-edge ¥¥&! _, 5, which

involves 2% arrows beginning with the specified one. We have found it very useful
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to list, as an example, the tableau for ./21/7 with arrows labeled by their corresponding

pre-edge. This is done in (12.1). The labeled tableau for Aj, for k

=4, 5, and 6 can

be read off from this by taking the first 1, 2, or 4 rows, respectively, with V- replaced

R0 357D ST Y

SBMZ R0 v e )
VRS SE VD LS ViR e 3 V&
297M3 3,6 2104]\42 2105]\/[4 4,5 2112]\/[2
2129M2 2,7 2136M1 2137M3 3,4 2144]\41
EIGIM?) 2168M2 2169M4 2176M2
2193M$’ i’j EzOOMf Ezole 4<:_5 2208M52
2225Mé1 247_7 2232M2 2233M§) iﬁ 2240M3
5

E”M; 24 224M41 225M3 3,4 232M0
SOMEESONE S0 D
I VERESD Sl VD 30 Vi S VA
2113]\44 4,6 2120M3 2121]\/[5 56 2128M0
2145M3 3,5 2152]\44 2153]\44 45 2160M1
2177M4 2184M3 2185M5 2192M1
ZzogMg pikd S0 3 W27\ 26 2224M62
3241 Mg (5_7 2248M21 2249]\/[2 ﬂ 2256M3

We begin our derivation of Definition 3.8 by considering & g.
Zths_t for 5 <t < 8. In Figure 12.2 we

(12.1), it can come from any of LM} <

As can be seen in

consider the cases t = 6 and t = 8. The other two are similar. The left side depicts

the arrow as a d; differential, with £} in red, while the right side shows the result,

with & ¢ in red, and Y8M " in black.

(12.1)



60 DONALD M. DAVIS

Figure 12.2. Two ways of forming &; ¢

M}« S8M2 E56 D LM /V
[ ]
'/v/\l A
11 11 15 19 23

ZME’(—ESMO M gé’G@ESMg E

23 9 11 15 19 23

The job of this dp pair is to change Z8M;~" to S8M~. The &, is the extra part,
and is not involved in subsequent arrows until we consider the differentials which
change &, to & Its class in (12,0) will support such a differential. In Figure 12.3,
we show that the result of X M7 + S0 1 is exactly the & 4 just obtained, as claimed
in Definition 3.8. Here S1°0/3 is in red.

Figure 12.3. M} « X003

LS.

11 14 19 23

We now give a chart-theoretic explanation of why this occurs, which is useful in
seeing how it generalizes. We illustrate with M2. The cofiber of M? — MY is D203,
In Figure 12.4 we show that MY can be formed from M2 + S2M/3.
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Figure 12.4. MY+ $203 = M?

MY + S20 3 E Mg

1 3 7 11 15

In Figure 12.5 we modify the lower left part of Figure 12.2 by replacing 3:¥My by
S8MY 4+ S0/, The result is the desired EL e ®X°M?Y. Indeed, the XM} and SI0073
combine to yield & ¢ as in Figure 12.3, and the YEMY? remains unchanged. In chart
arithmetic, we have

(SM] MY @ X2M§) = (& 4 ® MP),
then cancel the M to obtain the & 4 case of Definition 3.8. This may seem round-

about, but will be useful.

Figure 12.5. Figure 12.2 after replacement

9 11 15 19 23

The following proposition is the generalization of the phenomenon observed in
Figure 12.4.
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Proposition 12.6. For k > 4 and i > 0, we have
Mli + E2M\f+i_4 = Mliﬂ
in the sense that if 22@%—4 is placed beneath M} so that there are d; differentials
as in Figure 12.8, then the result is M, .

Proof. First note that all M} with the same mod 4 value of k+i have the same general
form as indicated in Figure 12.7. This refers to the way in which they leave filtration
0.

Figure 12.7. M;

k+i=1 /E 1 k+i=0 //£ k+iE3I //E k+i1=2 -//£

Then note that k and k + ¢ can each be increased by 1 by the additions in Figure
12.8, each of which illustrates M} + S2MFT~1 Here we use that M = 80
|

Figure 12.8. M} + S /F+i—

k+i=4p+5 k+i=4p+4 k+i=4p+3 k+i=4p+2

Aiﬂ A A

—o —— 0o

et | e | T
!
i—SpEf%‘Z. 8p + 3 N p+3 @/W

We saw in Figure 12.2 that & ¢ is what was left over after M} < S8MP™" is
used to change YL8MP™" to L8MP/, and then since XM " can be obtained from
S8 ME} + 51003, we can obtain &L ¢ itself from LM} S190/3. The same argument,

together with Proposition 12.6, yields that, for any e > 1, & _,,, the part left over

- — & 0

2
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when LM§ < SM{T37" is used to change LM to L8MP~!, can be obtained
from SMg < S2M: 2, as claimed in Definition 3.8,
Next we consider & , which (12.1) shows to be related to
SMEELSIME SOME S
for t € {6,7,8}. We have already seen that the resultant of the second arrow is
SBEL g + BOM{. The & ¢ is not involved in finding & 4. (It may be involved in
differentials which change £’ to &; this will be considered in Section 13.) We will show
in the next paragraph that the resultant of YM2 « Y8M} « SOME is ROV
plus a remainder term, which is defined to be & 5. Then we can use Proposition
12.6 to replace XM by SO MEY + I8N 2 and deduce, similarly to what we did
before, that &} ¢ itself can be obtained from
SME — S8ME — SI8M2.

In this paragraph, we use ¢t = 8 in the above discussion, but t = 6 or 7 work
similarly. In the left side of Figure 12.9, we show M2 < S8M3, with 38M3 in red.
On the right side, we place the resultant of the left side in black and X' MY in red,
placed so that the differential appears as a d;. (The justification for the differentials
will be given in Section 13.) The differential reduces the LMY to 3P, as claimed
in the preceding paragraph. The classes in 20 and 21 are part of L'6M¢. The black
classes in grading < 19 form & . A similar thing happens in consideration of any

éje 4o- It will come from
SME — S3METH SIMOT — B et

The second arrow produces Y8/, .., ® S MH ", After some initial deviation, the

first arrow will produce pure lightning flashes in time to work with 26 M *~* to form
216 Me+4—t
t—2 -
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Figure 12.9. Forming & ; + X'0M{

SME XM« 216 M0

SME  S8M3

s .

10 12 16 20

20 28

A similar argument works for any &, ;. We are deriving a definition, Definition
3.8. The tableau (12.1) is very helpful in getting started. For e > 2 and d > 1, there

are (kigd) arrows labeled (e,e 4+ d) in the tableau for Ay. Each gives rise to an
occurrence of &/, ;. The structure of £, ; is determined by 24-1 arrows beginning

with one labeled (e, e 4 d). The sequence of these arrow labels is the same for every
occurrence of (e, e + d), and the sequence of the 2¢ M charts is also the same except
for the very last one, which can be 22d+2Mf+d+2’t fort =e4+d+2 < k+2or
d+4<t<e+d+1<k.

We take a major step toward justifying Definition 3.8 by considering &/ _, 5. This

is determined by the four arrows in (12.10),

e,et3 et1,e42 1,043 42,043
YME XM SIMET - BOMEt M - MY NP M - M
(12.10)
where either t = e+ 5 < k+2o0r 7 <t < e+ 4 < k. This can be seen in
(10.2), where it will be suspended by %0432 for some b. Then (12.10) corresponds
toi=8b+(4,5,6,7) in (10.2). Also e =a(b) +2 and M~ = M "F L
Similarly to our analysis of £ 5 and & 4, the resultant of the second arrow in (12.10)
is ¥8E! oo ® XM and the resultant of the last two arrows is 168, 4 +
SHE! L ers®IEMI T Weleave the S8E. o, B19E! 1, and B2, . 5 behind,
and are left with
SM§ + SEME  SOMET - R M (12.11)

In Figure 12.12, which is the case e = 4, we show the result of the first two arrows.
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Figure 12.12. First two arrows of (12.11)

DM SBMB « SI60s3
SME — S8

AP
s S1/

10 12 16 20 10 12 20 28

Then in Figure 12.13, which is the case t = 9, we place X3 M ')~ so that it has
a d; differential into the stable lightning flash beyond the end of Figure 12.12. This
reduces it to Z32M; 97", and the leftover part is defined to be &/, 5. Note that the
classes in the lightning flash in grading 36 and 37 become part of 332M, while the
classes in 34 and 35 are the last two elements in & ,. So the result of (12.11) is
SEMETT @ E s

Figure 12.13. Forming Z2M " & & _

A
AV

20 28 36 44

N

=N

—
o e
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We use Proposition 12.6 to replace Y32 M2~ in (12.11) by S32M 0~ + 234A/4\f_2,

similarly to Figure 12.5. Since the result of

NME — SSMET e SIOMET — (SR M 4+ DM )
equals 232Mff35_t ®© & .13, and, as in Figure 12.5, the two copies of 232Mtef35_t split
off, we derive the ¢ = e + 3 case of Definition 3.8.

The general case &/, , does not differ significantly from the case d = 3 just con-
sidered. The arrows involve i = 2% + (2471 ...,2¢ — 1) in (10.2) with e = a(b) + 2.
Rather than constructing a full-blown induction argument, we will explain how the
result for d = 4 follows from the argument for d < 4. The general case &, is
embodied in the last two rows of (12.1), which are $'% times the case with e = 3.

For arbitrary e, increase all superscripts of M by e — 3. We subtract 192 from all
the suspension parameters and discuss the eight arrows. By the work we have al-
ready performed, the result of the second arrow is & 5 ® Y6MZ ) the result of the
third and fourth arrows is £ 5 + & ¢ ® LM}, and that of the final four arrows is

w7+ e+ EL L+ Egr X M. (We distinguish between + and @ because the £’s
can have differentials into one another, but not into the M.) We split off all the £’s
and are left with

SM? + S3My + SOM7 + S MG+ S, (12.14)

The resultant of the first three arrows will, after initial deviations, stabilize into a
sequence of lightning flashes well before the X MY has started. We claim that the
lightning flashes will change it to %My, and &, is defined to be everything left
over.

Considering the slightly subtle phenomenon observed in Figure 12.13 regarding the
classes in 34, 35, 36, and 37, scrutiny is warranted here. We claim that if M} is
placed into a sequence of lightning flashes so that its generators of (full) order 2¥—2
hit generators of lightning flashes with a d;, then the result is M} | plus the first
(k41— 1) mod 4 gradings of the last lightning flash before total incorporation. We
illustrate this in Figure 12.15, in which bigger red dots are incorporated into the M.

Recall from Figure 12.7 that the way M] leaves filtration 0 depends only on (k +1)
mod 4. In Figure 12.15, we see that these differentials decrease the (k + i) mod 4
type by 1 and decrease k by 1, so they leave ¢ unchanged.
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Now we explain why the “(k 4+ — 1) mod 4 gradings” noted above is consistent
with everything else. As discussed just before (12.10), the sequence of 2¢ charts which
define &, ; ends with 22 M2t When this sequence is reduced to a sequence
of the type illustrated by (12.11), the subscript of M will be reduced d — 1 times, so
that the sequence of type (12.11) will end with M} satisfying k +i = e + 3. Thus the
first (e +2) mod 4 gradings of the last lightning flash before total incorporation will
be left behind for the end of &£ ;. This is consistent with the endings of Figures
3.11, 3.12, 3.13, 3.14, and 3.15.

Figure 12.15. Cutting off M, with lightning flashes

k+i=0 ‘
k+i=1 /4 ; 3

/]

N

Returning to &, (12.14) results in %M @ & ;. Replace X%Mg by LMY &
266]\/4\42 in (12.14), using Proposition 12.6. The 3% MY splits off, similarly to Figure
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12.5, and we deduce that the result of

M S3M? — SOME — SRME — B2
is £ ;. The same argument applies if the M at the end of (12.1) is replaced by My, the
other way that the sequence of arrows defining &5 ; can end. Then the Mg in (12.14)
becomes M3, with the same value of k + i. If e is changed, then all superscripts
in (12.14) are changed by the same amount, and the replacement argument using
Proposition 12.6 still applies.

This completes the induction step for the case d = 4. The same argument works

for arbitrary d. The conclusion of this section is the following theorem.

Theorem 12.16. A sequence

22764’1 24*5«&»2

SM{ g UMy SOMT - T M{ '+ % M
with all arrows being dy on generators in grading 1, 3, 4, and 5 mod 8, and 7 inserted,

and satisfying k +1i = e + 2 equals £ , ® 225_6+2M,i.

The theorem also holds if the sequence and the conclusion are suspended by any
amount.

Now we justify Definition 3.19. The description of V}, in Definition 3.19 is a straight-
forward generalization of Figure 11.3. For the sequence (3.20) in Definition 3.19, we
refer to (12.1) for the case k = 7. We have seen in the analysis above that the P
yields &} 5 @ X'M}, and that the last two arrows in the first row of (12.1) yield

54+ E54 ® XM, The second row of (12.1) yields & 5 + & 4 + E55 + ;5 D XM},
as the MY at the end will have its subscript decreased three times. A similar analysis
applies to the third and fourth rows of (12.1) together, yielding eight £”’s ®&X12 MY,
and to the last four rows of (12.1) combined, yielding sixteen £”’s ©¥2°6 M. We split
off all the £”s, and the various E2iMff ’s combine to give the sequence in Definition
3.19. The placement of the £ M. Vs in the sequence will be justified in the paragraph
preceding Figure 13.16.

We can use (12.1) similarly to justify the subedge structure of Ay, described in
Theorem 3.1. Under & ;, we have &, 3 and &, in the first row of (12.1), & 5 in the
second, & g in the third, and & ; in the fifth. Then, under the &, is the &, just
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after it, and under the &, 5 are the &, and & 5 in the second row. Also under that
& 5 is the &) 5 at the end of the second row. That exhausts the second row of (12.1).

Next we consider the third and fourth rows together. The & 4, & 5, and &3 5 under
& ¢ are apparent. Then under the & 5 is the & 5 which follows it, and under the & g
are the & 5 and &} 4 in the fourth row. We also have & ; under the & .

A similar analysis applies to the last four rows of (12.1) to give the subedge structure
under & ;. This procedure generalizes to any Aj.. The discussion following (12.10)
suggests how the formulas in (10.2) enable one to see how the pattern of edges in

(12.1) generalizes.

13. THE SPECTRAL SEQUENCE FOR Aj;, WITH PROOFS

In this section, we show how the spectral sequence converging to .%Tk works, and
then justify that the differentials and extensions work as claimed, by comparing with
the ku analysis. Referring to the tableau for .,Zlv7 in (12.1) is strongly recommended.

We will eventually specialize to ./2(7.

13.1. Description of spectral sequence. The following definition contains several

useful notations.

Definition 13.1. We will use the following notations.

e forn >0 andn =0 or 7 mod 8, let W" denote the X" term in the tableau for
.Z;w which is independent of k except that n must be < 281 [f W™ = SnM? | let
Wi =3X"M; ;.

o If C 1s a chart and M is an M chart, positioned so that there are d; differentials
from the stable lower edge of My into C, we denote by C' Uy, M the resulting chart,
including n extensions from 2« to vif inserted whenever di(«) = f3, following (11.2).

e Let L(8a) denote the label on the arrow W=7 « W8,

Now we describe the way the ASS for A}, works. We make frequent use of Theorem
12.16 to see the increasing subscripts of W (corresponding to decreased subscripts of
the associated M). After the first two steps, we specialize to 21/7. All claims will be
justified later in this section.

Step 1 says that for a > 1,

W=7, L6 — lyyite g ElGa_B€/L(16a)‘ (13.2)
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Then Step 2 says that for a > 1,
(W32=15 1, L3-8y, @I = ¢l g 232[1_1682(32(178)‘ (13.3)

At each step, we leave all £”’s behind, until consideration of differentials among them
at the very end.
The second row of (12.1) now, which applies to any Ay, with k > 5, is

(ZBMZ Uy, @'2OM)) + 'NBMY) « o240, (13.4)

where filtrations of ®'3* M} and then ®*X MY will have to be increased (to ®* and
®!1 respectively) in order to get the d; differentials. We prefer to write it as

SEMZ 0N D8M) — 20,
ignoring the filtration increases, which we think of as being implicit. In fact, the
corresponding ®’s are 2 "2 ¢ > 1 starting with the domain of the first arrow.
By Theorem 12.16, this sequence equals XM} @ ¥3°&; ;.

We now restrict to A, as in (12.1). Rows 4, 6, and 8 in (12.1) simplify similarly
to row 2 just described. With previous £”’s omitted, they become X'?MY @ X904 ¢,
SN @ B0, and ¥POMY @ X**1E; ;. In each case, the M term is W§**. This
doesn’t work quite so well in rows 3, 5, and 7. The requirement in Theorem 12.16
that £+ 1+ = e+ 3 is crucial.

Now (12.1) has simplified to the following, with all £’s omitted.

Vo 858D ¢ SOMD ¢ T2

— XMy
EOMEESPM] - SOM]  2M]
— XM
2129M52 (27_7 2136M41 — 2144M41 Y 2160M41
— XMy
$193 73 37 D200772 320872 522472
— BP0 My

Theorem 12.16 applies to the combination of rows 3 and 4, yielding XM @ X&) ¢,

and to the combination of rows 7 and 8, yielding ¥*°M) @ X'9°&; ;. Now, ignoring
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&"”s and combining some rows, we obtain

Vz HESMO — SOM) + B2 MY) S0 MY < B (13.5)
2129M2 2,7 2136M1 <_ 2144M1 - 2160M1 - 2192M1 . 2256M0 (13.6)

Theorem 12.16 applies to the second row, yielding 26 MY @ 21285577. Appending
32 MY to the first row, we obtain & ; of Definition 3.19. As noted there, we obtain
that & ; equals

I & DM (32),, & OVBOM(16)|,, & P1OTPM(B)], B PPEHM(4)|,, & PHEFM(2)

‘16 ‘64 |128 ‘256’
where M (2') = ko.(M(2')) and M|_is the portion of M in grading less than . Here
I} is as in Definition 6.1. Figure 3.21 illustrates the case k = 4.

The spectral sequence behaves for any k in a manner which generalizes what we
displayed here for k = 7. The general tableau is in (10.2), and an arrow with target
¥PMj is labeled with (i,i + ¢ — 3). The sequences which form all £, with e > 2 in

Aj, are described in the following result.

Theorem 13.7. For every odd positive integer p and t > 0 satisfying 23 (p + 1) <

2k+1 there is a sequence satisfymg Theorem 12.16

43, t+3, t43 t+3 t42 ot+3(p 11

T3 (p+1) ® 2t

which forms Wt 1 Every Wf” with

a(p)+1 a(p)+t+2°

0<i< {y(n) aln) > 1

vin)—1 «a(n)=1
fits into exactly one of these sequences. If i = 1/( ), then t = v(n —2%) and p =
(n —2%)/2t, while if i < v(n), thent =1 and p = & — 1.

Example 13.9. If n = 20, then
e i=0hast =0, p=19, and the sequence is W' < W%, forming W% @ ¥1°2&]
=1hast =1, p =9, and the sequence is W « W2 « Wl forming
W00 @ $MEL L and
e i =2hast=4, p=1, and the sequence s

W29 (IS0 P 60 1o jpes,
forming W20 @ X128 ..
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(10.2) can be used to see that these sequences are as follows. They are obtained from
(12.1) using Theorem 12.16.

3153 74 g 3160 3 71
4 6
3,5
2145M53 <—2152Mf — 216OM§
129 34 72 2,7 1136 7 s1 144 7 71 160 3 s1 192 3 1 256 1 70
DM =N My = XMy = XMy XMy = XM

This example illustrates how the subscripts of W¥" are successively increased until
it becomes an M, at which point it is melded into another sequence, unless n is a
2-power, in which case it melds into the sequence (3.20) which forms &7 ,. We are
left with just £}, and all the £”s which were left behind. Finally, there are the
differentials among the £’s described in Theorem 3.10, which will be justified in the
second paragraph after Figure 13.15.

Proof of Theorem 13.7. Using (10.2), the sequence becomes, omitting %27,

SMEP — SSMPP e TN e 22

This satisfies the requirement in Theorem 12.16 because a(p+1)+v(p+1) = a(p)+1.
|

13.2. Justification of differentials. The main ingredient in justifying the differ-
entials is the generalization of what was done in Section 8 and Theorem 9.4 to pass
from differentials in ku*(K3) obtained in [10, Theorem 3.1] to differentials among ku.
summands as illustrated in Figure 8.13. We will postpone temporarily consideration
of differentials involving the summand Vj, of lowest grading. In (9.9), we showed how

the theorem of [10] could be interpreted in ku* summands as
dztﬂ_(t—i_l)(bt(Y2t(a+1)71,k)) _ U2t+1_(t+1)7—t(}/2ta,k)'

If Sq* (o) = B in H*(K3), a v-tower in the formation of ku*(K;) arises from 3, while
a v-tower in the formation of ku,(K>) arises from «. The ku* differentials in Figure
8.9 are d?(by(Y14)) = v®11(Yo4) and d°(ba(Y34)) = v572(Yo4). The dual differentials
in ku, go in the opposite direction on the « classes associated to the corresponding (8
classes. For example, dual to the d° from 57 to 68 is a d5 from 67 to 56. See Figure
8.4. This is consistent with (8.10) since it gives a v-tower of height 5 in (ku*(K3))Y

on a class of grading 60, and on a class in kusg(K>).
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This always works, leading to a generalization of Figure 8.13. Suppose Sq'(as) = s
and Sq'(ay) = B1 with |ay| = 229 — 1 and |ay| = 221, and there is a ku* differential
from the 3; v-tower to the 5 v-tower. The differential hits in grading 2z, 4 2, giving
a v-tower of height o — 27 — 1 on a class in (ku*(K3))" of grading 2z, + 4. The
differential in ku.(K5) gives a v-tower of height 25 — x; — 1 on a class of grading 2z,
consistent with (8.10)..

We can translate from the ku notation used to label the columns of Figure 8.13 to
the ko notation explained prior to (10.2). The contributions to ¥ of v, y1¢, 2;, and
M; are 8, 9, 2772 and 27, respectively. Also, v1q and z; add 2 and 1, respectively, to
the superscript of M. In the notation of (9.9) and Definition 13.1, Y, < W2t —ga
and Yaq 1 ¢ W2 =841 Then (9.9) implies the following proposition, adapting to
ku the notation in (12.1) and Definition 13.1. For example, the columns of Figure
8.13 are now labeled with the W version of (10.3).

Proposition 13.10. A dytt1_(141) ku,-differential will go from a W2 summand to

the W22 (@=1+1 summand.

We begin illustrating how the description of the spectral sequence, especially the
differentials, in Subsection 13.1 follows from Proposition 13.10 using &34 in the sixth
row of (12.1). After desuspending, this is

SMEESIM? SOMPESOM2 SN M 2P0 s (13.11)

In Figure 13.12, we show, for each of the four arrows in (13.11), the two charts
combined, without increasing filtration, in both the ko and ku context. For the ku
context, M, refers to ExtEl(ZZi*ZkMk, Zs), analogous to those in Figure 8.8. We use
black for the W64~ chart and red for W%, We use big dots to indicate the classes
that map across under ko, (Ks) — ku,(K,). We insert differentials in the ku spectral
sequence implied by Proposition 13.10, and then the differentials in the ko spectral
sequence implied by those. After presenting the figure, we will comment on some of

the implications.
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Figure 13.12. d, differentials (ko, —— ku,)
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First we note that the classes which map across are exactly those not in im(7). This
follows from (11.10). In each of the four situations, there is at least one differential in
the ku spectral sequence in which both classes involved in the differential are in im(c).

That implies the corresponding differential in the ko spectral sequence. We indicate



THE CONNECTIVE KO THEORY OF THE EILENBERG-MACLANE SPACE K(Z/2,2) 75

these differentials with thicker lines. Other differentials in the ko spectral sequence
are implied by naturality with respect to the action of 7, v{, or the generator of ko,.

Now, in each of the four cases, we elevate by 1 the filtration of all classes in the
W8 chart (the red classes) so that the dy differentials look like d;’s. We did not do
this in our ku work in [10], but it will be useful for subsequent comparisons with ko
charts. Insert n extensions from « to f if dy(via) = 28. This follows from (11.2).
This comparison with ku is the justification for the filtration shift in (13.2), which
applies to the second and fourth situations in Figure 13.12.

In Figure 13.13, the top left chart contains the result of the first ko chart of Figure
13.12 in black and the result of the second ko chart of Figure 13.12 in red. The
top right chart in Figure 13.13 is the analogue of this for the first two ku charts in
Figure 13.12. We use big dots for classes that map across under —— . We insert
differentials in the ku chart implied by Proposition 13.10. They will appear as a dy4
rather than a ds because we increased the filtration of the source classes. Then we
insert differentials in the ko chart forced by the morphism ¢ and the ku differentials,
again indicating with darker lines the ku differentials that pull back to ko differentials.
Then we insert differentials implied by the inserted differentials and naturality with
respect to 1, v, and the generator of kos. The bottom half of Figure 13.13 does the
analogous thing for the third and fourth charts of Figure 13.12.
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Figure 13.13. d; differentials (look like dy)
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We increase filtrations of v{-periodic red classes in the ko charts of Figure 13.13,
remove classes involved in differentials, and insert 7 extensions implied by (11.2),
obtaining Figure 13.14, in which the top (resp. bottom) half of Figure 13.13 is in
black (resp. red). Step 2 (13.3) says that the lower chart in Figure 13.13, after
simplification, is ®*X% Mg @ ¥'°8] ;. The 'S M] appears in Figure 13.14 as all
red elements in filtration > 4. Our charts also include ¥*'&f ¢, which was dropped in
the transition from (13.2) to (13.3).

If we did the same for the ku charts, we would have, among other things, a v-tower
arising from (12,0) and v-towers connected by hq (-2) arising from (35,1) and (37,1)
(or (35,4) and (37,4), if we increased filtrations analogously to ko). See Figure 13.13.
The classes in the ko chart which map across to these v-towers are indicated by big
dots in Figure 13.14. There are d;; differentials® in the ku spectral sequence from the
(37,1) v-tower to the (12,0) v-tower implied by Proposition 13.10. The classes in the
ko chart in (43,7) and (42,15), being not in im(n), map across to classes involved

in a differential in the ku spectral sequence. Thus there is a differential in the ko

4They are dio in Proposition 13.10, but dq; here due to the filtration shift.
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spectral sequence from (43,7) to (42,15), and the other differentials in Figure 13.14

are implied by naturality, as before.

Figure 13.14. Forming the result of (13.11)

8 12 16 20 24 28 32 36 40 44

After increasing filtrations of all remaining red classes of filtration > 4 by 7, and
removing classes involved in differentials, we obtain Figure 13.15. This is just &sg,
Y845, L1016, TE56, and PMUI32N] | with s as in Figure 3.11, except that the
classes in & 4 which support differentials (into & ) have not been removed. Figure

13.14 is the following analogue of (13.4) except that we have included all the £"’s.
(M Uy, ®'EEMT) + O8O M?) &4 %32 M3

It corresponds to the case e = 3, £ = 6, k = 4, 1 = 1 of Theorem 12.16, and, if the

160 is included, the case t = 2, p = 5 case of (13.8). The main point of the work

we have been doing here is how the differentials are implied by the ku differentials in

Proposition 13.10.
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Figure 13.15. Final result of (13.11)

12 16 20 24 28 32 36 40 44

Coe

The behavior described in the detailed example just completed will continue re-
garding how differentials in the ko, spectral sequence are implied by the dyi+1_(441)
ku, differentials of Theorem 13.10, as t increases. It will always be the case, as in
nicely illustrated in Figure 13.13, that the potential differentials go stably from M
into XM}, with one of k& and £’ equal to 4 and the other greater than 4. The genera-
tor of kos(My) is not in im(n) and hence maps across to kus(Mjy), and similarly for
the generator of koy(XM;.). Proposition 13.10 says that there will be a differential
between the ku classes, and hence there will be a differential between the ko classes.
Other differentials in the ko spectral sequence are implied by the action of 7, v}, and
the generator of koy.

This completes the proof that the description of the spectral sequence given in
Subsection 13.1, which implies Definition 3.8, is implied by Proposition 13.10. Also,
the differentials in Theorem 3.10 follow since, as is nicely illustrated in Figure 13.14,
the classes in grading 5 mod 8, after applying v{!, yield stable elements in kos(Mj},),
in the notation of the preceding paragraph, which supported differentials thanks to
the action of n?.

Additional differentials can be ruled out using the action of 7 and v}. Edges &,
tend to have less v} periodicity than edges above them. For example, in AVG as shown

in Figure 2.4, a conceivable differential on the class in (74, 1) is ruled out by the action
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of v{. The only possible short edges are shown in Figure 3.11, and the structure of
longer edges is already suggested in Figures 3.12, 3.13, 3.14, and 3.15. Note that the
lower edge of the chart of an edge, such as the circled elements in Figure 3.12, is v}
periodic throughout the range of the chart, but the upper edge of the chart, such as
the big dots in Figure 3.12, ceases to be v} periodic at each 2-power.

The upper edge & , was discussed near the end of Section 12. It was stated there
that we would “justify the placement of the EziMf’s in the sequence of Definition
3.19.” In Sections 8 and 11, we gave a fairly complete treatment of the obtaining of
the A4 chart, including the upper edge. Everything generalizes, but two things lacking
there were the implication from ku, differentials to ko, differentials, as we have been
doing for the lower edges in this section, and a thorough approach to the arrangement
of summands, as in (12.1). The summands for A, are the first row of (12.1) with
Vz changed to V4. The ku analogue of V, was derived in Figure 8.11 and appears in
the right half of Figure 13.16, which shows the morphism ¢ from V} < X2M) to its
ku analogue. We use big dots for classes that map across under ¢, the ones not in
im(n). The differential in the ku chart was derived in Figure 8.12, and is reproduced
in Figure 13.16, which incorporates the implied differentials in the ko chart.

Figure 13.16. ¢ for early part of 2(4

1

0 4 8 12 0 4 8

There is an 7 extension from grading 11 in the resulting chart, which is shown in
the right side of Figure 11.4, in which filtrations have been increased to improve the
picture. The second arrow of (12.1) results in X3 ; @ X'9M} pictured in Figure 11.6
and in Figure 11.9 with a filtration shift. The differential from 17 to 16 in forming
&1.4 in the ko spectral sequence, pictured in Figure 11.9, is implied by the dgy in Figure
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8.13. This all generalizes, showing how the upper edge is formed to yield Definition
3.19.

13.3. Justifying extensions. Finally, we prove Theorem 3.22, the exotic extensions.
Let 7, denote the ku, version of Ay, and 7, = 52" o7,. The extensions from 2228274
into &, stated in Theorem 3.22(1) follow from the exact sequence (11.10) and the
extensions in QZ The first extension for a fixed ¢ occurs in grading 3 - 21 + 2, so
grading 27! + 2 for & . This is where the first lightning flash occurs for & - This
can be seen in grading 26 and 50 in Figure 2.3 and in Figures 3.11 and 3.12. One
can compare with the ku chart in Figure 1.2. We illustrate in Figure 13.17, in which
the groups along the top are in &; 5, and those along the bottom are in Z2e€u. The

extension in ko is implied by the exact sequence.

Figure 13.17. Extensions from 22282,5 into & 5

— kosg — kusg — kosg — — kogg — kg — kogy —

It always happens this way: the only two possibilities for the groups in the exact
sequence are illustrated in Figure 13.17, and the ku extension is implied by [10,
Definition 1.5 and Theorem 1.23]. On the other hand, classes x in &, in grading
271 — 8A + 2 with A > 0 have v{®x of filtration greater than that of the class in
2¢=1 4 2 which supported the extension, so they cannot support an extension. That
there are no other extensions into the upper edge is true because extensions cannot
hit into elements z satisfying nx # 0, nor into elements already divisible by 2 (since
this could be accounted for by renaming), nor into periodic elements along the lower

portion of the upper edge. Because of the very nice form of the upper edge, one can
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verify that this rules out everything except for a possible extension from 2,4, where
L4 is the bottom class of &, into the last element of the only complete lightning flash
in Ay, an element z such that viz is hit by a differential. But both of these elements
in kogr4(K3) are in the image from kugr (K5), where there is no extension.

To prove the extensions in part (2) of Theorem 3.22, we first note that for e > 2
all nonzero groups in &, in grading 7 = 6 mod 8 are Z, groups, annihilated by 7,
and related to one another under v periodicity. They pull back to ku; 2(K>3), where
there are extensions between the pull-back elements, as can be seen from the inductive
structure of the Js, implying the extension from EQZH_EF,'@H,K to Eep.

There are two differences between the Zs’s in 2 mod 8 and those in 6 mod 8. In 6
mod 8, all classes are related by v{ and are in ker(n), so they pull back to k. 2(K>) in
(11.10). In grading 2 mod 8, they are related by v{ until the next 2-power in Definition
3.8 or Theorem 6.6. The break points can also be thought of as the position a fraction
1/2" along the edge for some ¢ > 1. Also, in 2 mod 8 the classes are not in im(n), so
they map across to ku.(Ks).

In grading 2 mod 8, the only things that can possibly extend into the last half of
E.r are (the last half of) &4 for some d > 0. The only things that can extend
into the second quarter of it are (the last half of) £ 441 for some d > 0. Similarly,
for second eighth, £iqx—2, etc. However, if d > 1, this portion of .44, will have
already extended into &.y4-1,. We illustrate this in a schematic Figure 13.18. It
shows the edges beneath & 7 and the key places where they drop their filtration in
grading 2 mod 8 (halfway, one quarter, etc.). Extensions in grading 2 mod 8 occur
from the second half of edges (where the lightning flashes start in £’) into the edge
immediately above them. Other portions of edges have their periodicity in 2 mod 8
end prior to that of the portion of the edge above them. The extensions are implied

by the extensions in ku.(Ks) between the corresponding classes.
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Figure 13.18. Schematic of edges under &, 7 in grading 2 mod 8

2,7
3,7
3,6 4,7
3,5 4,6 4,6 5,7
3,4 4,5 4,5 5,6 4,5 5,6 5,6
/ / / / / / 6,7
0 16 32 48 64 80 96 112 128

There is no extension from the last class in & .4 when e = 3 mod 4 because either
there is nothing into which to extend, or else it would extending into an element x
satisfying nx # 0.

Many extensions also follow from the following fact ([8, near (2.2)]) about Toda

brackets and differentials in the Adams spectral sequence:
if d.({c,2,m)) = n, then 2a = . (13.19)

This bracket represents v;«; the generator of the Z/4 in a lightning flash is obtained
from the bottom class via this bracket. The situation in Figure 13.20 appears fre-
quently, implying 2o = 3. Often the classes an and an? will be hit by differentials,
but that doesn’t matter.
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Figure 13.20. Charts implying 2a =

-

All other possible extensions can be ruled out by v} periodicity, as we have been
using, the fact that 2n = 0, and comparing with ku. Probably the most subtle
of these is illustrated by the situation involving &g and X%&,5 in grading 64 +
12. Using Figure 3.14, we illustrate the problem in Figure 13.21, in which &3 has
the lightning flashes, which should have much higher filtration, and the worrisome
extension question involves classes A and B, indicated by big dots. The problem is
that v{B = 0 (due to the differential) and A is not in im(n), so we cannot use v; or

1 to detect the non-extension..

Figure 13.21. & and £%&]

7]

/TA

64+ 10 20
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However, A pulls back to ku..o(K3), since nA = 0, and there is no extension on
the pullback element, as the ku analogue of &, 5 begins as in Figure 13.22, with the

first extension occurring on the element in grading 16. So 24 = 0.

Figure 13.22. Beginning of ku analogue of &4,

10 12 14 16 18

14. PROOF FOR 2'Bj

In this section, we prove Theorem 4.5. We have defined a ku version, By, of
By.¢ via summands in Definition 9.2 and shown in Theorem 9.3 that these summands
are what are required along with the A;’s to fill out the Ej-module H*(K5), and we
showed in Theorem 9.4 that each By is closed under the differentials of [10, Theorem
3.1]. It is worth noting, but perhaps not necessary, to point out that By, corresponds
to Byze ®y> ' qSke ® yeBeZ! in [10].

Most of our discussion will deal with the case i = 0 in z"BW. We will comment
briefly on the effect of ¢ at the end of this section. In (10.5), we gave a general
description of the corresponding ko summands, but we feel that the following explicit

example, the summands for g579 is useful in understanding the proof.
SM? XMy SOMY - SOMF SVTME — ¥2My SP M P Mg
SBME + XOM; SMM] < 28ME SPMT - SOMY YITME - ¥ MY
SOME +— B7PMp SPM] < XM SPME — XBM7 S MY XM
YIME 2102 S0 2202 STBME - SPOME S - M) (14.0)
If ¢ is increased by 1, the superscripts in the first two rows are increased by 1, except

for the last term, whose subscript is increased by 1, while the last two rows remain

unchanged except that the subscript of the first term (of the second half) is increased
by 1.
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What can be observed here, and is true in general using (10.5), is that By, has
2% summands of which (a) the first half agree with those that form &_ji1, and
everything under it in Ay, and (b) the second half agree with the second half of Avk_i,-l
except that the first summand is %27 +1M2,, instead of 2"+ M2, ,.°> (Comparison
of (14.1) and (12.1): first half of (14.1) with superscripts of all but last summand
decreased by 2 equals Y72 of last two rows of (12.1), while (b) last two rows of
(14.1) equals rows 3 and 4 of (12.1) except for the first (and last) summand.)

Part (2) of Theorem 4.5 follows readily from observation (a) above. The differentials
among the summands which form &1, are the same regardless of whether the
summands are appearing in .Zg or in gkyg. There are two differences. One is that in
gkj there is not an edge &,_j ¢ to be hit by the differentials in grading 4 and 5 mod 8
that occurred in A. The other has to do with what happens to the 22" MY, , at the
end of the sequence of summands being considered. In neither case does it contribute
to &—k+14- In both cases, it has its subscript decreased k—1 times by differentials into
lightning flashes in this batch of summands. In ./Z([, it continues to have its subscript
decreased by differentials into lightning flashes formed by earlier edges. In gk7g, it
combines with part of the EQHIHZWZ+2 which occurs at the beginning of the second
half of the list of summands forming gk,g to form part (3) of Theorem 4.5 in a way
that we shall discuss shortly.

We explain now why the filtration of EQkHMg,;Hg, which is formed after the last
summand of the first half of gk,g has its subscript reduced k — 1 times, is increased by
2% — k — 1, as claimed in part (1) of the theorem. The first quarter of the summands
of gk,t’ will have truncated the top part of the initial ZM,fjrg“ chart k — 2 times
resulting stably in lightning flashes with initial classes in position (8 + 2,47 — ¢+ 1).
[The initial class of XM}, , is in (2,0), so stably the initial classes of EM,f;SH are
in (8 +2,4i — ({ — k+ 1)), and the k — 2 truncations of the top reduce the second
component by k—2.] Stably the last step in forming EQHlMg,Hg will be as depicted
in Figure 14.2, where the lightning flash is the one just described, and the generator
of the Z/20°% Vs in 2" M, .5 will be the big dot. Since the generator of the
Z./2 Vg in 227 M, 5 are in position (281143487, 2—(+k+45), which must equal

2k+2

SThere is a difference in the last summand, too, & M} o VETsus »2 ,S 3, which does not affect this

part of the analysis.
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(8i+3,41—(+1), we obtain that the difference in filtrations is 4i—(+1—(2—{(+k+4j) =
2F — k — 1, since 28! + 85 = 8i.

Figure 14.2. Last step in forming 22k+1Mg_k+3

As noted earlier, the second half of the summands of gk,g agree with those of
the second half of Ay, except that the first summand is ¥2°"+1M2,, instead of
R2THINR L5 The edge X2 &4y is formed from ¥+ M2, by interactions
with $2' M}’s formed from the summands which follow it in Ay ;. The leftover parts
of those summands form the edges under E2k+1(€2’k+1. The same interactions will
occur with Z2k+1+1M[2+2, forming something that will contribute to EZHICO,;c in part
(3) of Theorem 4.5. The leftover parts from the subsequent summands will be the
same here as they were in EQHISQ,;CH, as stated in part (3) of the theorem.

The ZQHIHMZ%r2 is interacted with by k—1 £ MY’s, so that stably it is 2" 1My 5.
Stably there must be differentials from this isomorphically to the S22 M, k13 formed
in the paragraph preceding Figure 14.2. As described in the paragraph preceding Fig-
ure 4.11 and illustrated there, we apply (v])~! to obtain additional differentials. To
see that these differentials are dyx, we observe that the bottoms of the towers in the
lower half of Figure 4.11 are like those of M7 ,, while those of the top half are those
of My, ., with filtrations increased by 2¥ — k — 1. Noting that larger subscript of M
causes smaller filtration of generators, we obtain that the difference in filtrations of
generators is

2F k- 1—(l—k+3)—(—((+4)) =2~

Since the differentials are dyr and M,_; 5 has its filtrations increased by 2F —k —1,
all classes in My_; 3 of filtration < k will not be hit. Nor will the n-pairs along the
upper edge until grading 2¥+2 4+ 2, when the final truncation in the second half of the

summands of By, will have occurred.

6The difference in the last summand noted in the previous footnote affects &£ 1 but not £ 1.
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This covers parts (1), (3), and (4) of Theorem 4.5 when ¢ = 0, completing the proof

in this case, except for some fine tuning.

e We explain the last sentence of part (3) by means of an example. In g4,9, we have
332 4, which is the big dots in the bottom half of Figure 4.11, and the edges under
Y328, 5 together with differentials involving those subedges. You should compare the
chart for & 5 in Figure 3.11 with Cy4. Upper edge elements of & 5 inject. However,
the classes in grading 27 and 28 indicated by big dots in Figure 3.11 are hit by
differentials from X'°&; ;. The meaning of the last sentence of part (3) of Theorem
4.5 is that the corresponding elements of ¥32Cy 4 are also hit by differentials from
2485575.

e We explain Remark 4.6 via an example, g377. The first half of the summands are

SM? XMy XM SOMg.
After the indicated dy differentials and a filtration shift of the second half, the picture
will be as in Figure 14.3, where the portion from the first ds is in black and the second
in red. The class in (21,4) is in the Z'9MY part of 219Cj 3, while the class in (20, 3)
is in the & ; part of g”

e The exotic extensions in part (4) of the theorem follow from (13.19) and the differ-
ential from the next-to-top element of one tower to the top of another, like the ones
from grading 52 and 60 in Figure 4.11. The extension and the exotic 1 extension
of Remark 4.7 are nicely visualized in Figure 14.4. With P; the usual stunted real
projective space, Figure 14.4 illustrates the easily-proved result that the cofiber of
P3 Abo 2 P3 Abo equals XM AboV H, where M is the mod-2 Moore spectrum and
H a mod-2 Eilenberg MacLane spectrum. The diagram shows just the first few grad-
ings of the cofiber sequence, and indicates the gradings both in the cofiber sequence
and the corresponding elements in Figure 4.11 if filtrations of the bottom part were

increased to make the dyg differential look like a d;.
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Figure 14.3. Result from first half of summands of 53,7

M@M

AL .
12

16 20 24 28

Figure 14.4. Cofiber of 2 on P; A bo equals XM AboV H

4 6 8 4 6 8

o6 o8 60 26 o8 60

So far in this section, we have been dealing with zogM. For Zigk,g, all summands
are obtained from the corresponding summands of EM by increasing superscripts by
i. The effect on edges &, with e > 1 (which is all that is relevant for gk,z) is to
increase both subscripts by i. To see this, we first observe that all summands, except
the last, in the tableau for &4 41 are obtained from those of & , by increasing all
superscripts by 1. This is nicely illustrated in (12.1), in which rows 3 and 4 are the
summands for & ¢, while rows 7 and 8 are the summands for £ 7. That the different
possibilities for the last summand do not affect the edge is discussed in and around
Figure 12.2 and (12.10).

The 2" MY, , and "' +1M2,, in the middle of the tableau for By, ; are responsible
for parts (1), (3), and (4) of Theorem 4.5. If both superscripts are increased by i, the
filtration shift (2¥ — k — 1) required in forming Figure 14.2 is unchanged since both

charts have their filtrations changed by the same amount.
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The paragraph following Figure 14.2 explains that Cy, is formed from &, , because
the second half of the summands of gkyg (except the first) are the same as the first
2F=1 summands of ZZHIEZOO. Increasing the superscripts to form zigu causes the

summands to be the same as those of %2

Eati 00, Which is relevant in Definition 4.3.
The other thing relevant there is the function hy, which is determined by the upper

edge of the stable chart, which will be ¢ units lower.

15. THE EXACT ko.-ku, SEQUENCE

In this section, we discuss how the exact sequence (11.10) relating ko, (K3) and
ku,(K3) can be used to justify the consistency of our results, and also to obtain
additional information about ko,(K5). There are three things that make these com-

parisons somewhat cumbersome.

(1) ku.(Ks3) contains filtration-0 elements due to free £j-module summands that are not

part of free A(1)-module summands. These played a significant role in [10], and also
play a significant role in analyzing the exact sequence (11.10). In Proposition 15.1,
we explain exactly where these classes occur in terms of the A(1)-module summands
with chart M}, which we also denote here as Mj.

(2) We perform much shifting of filtrations in our determination of ko, (Ks). This is done
to improve the appearance of the charts and to make 7 extensions easier to see. This
causes the ko- and ku-charts to not match up as nicely as one might like.

(3) When elements of ko,(Ks) are involved in the homomorphism 7 and also in a differ-

ential in the ASS of ko, (K3), that can cause ambiguity regarding filtration of classes.

Proposition 15.1. The free Ey-module summands of the A(1)-module M} have gen-

erators in grading

8j+2 if i=4j+1
8 +3 if i=4j+2
8j+4 if k+i=4j+6
8j+5 if k+i=4j+T.

The A(1)-module NU in Figure 11.1, which is used in forming the charts Vi, has a

single free E1-module summand, with generator in grading 11.
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Proof. The result for MY is immediate from [12, Figure 2.3]. For each M;, it is just
a matter of drawing the A(1)-module that matches the Ext chart. We illustrate
with Mg. The Ext charts for M§ and My are shown in Figure 15.2, and then the
A(1)-module yielding the Ext chart for My is in Figure 15.3.

Figure 15.2. Ext charts for M and M.

M3
AALL
1 3 7 11 2 7 12

Figure 15.3. M,.

e N

2 12
|

Our main example of the exact sequence (11.10) will be for ,/13. In Figure 15.4, we
present the ko and ku versions from Figure 2.1 and [7, Figure 2]. The tableau for As,
from (10.2), is

Vy = S8MY SOM7 < S\
By Proposition 15.1, the ku version 52?3: will have additional filtration-0 classes in

gradings 3, 12, and 13, which have been incorporated into Figure 15.4.
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Figure 15.4. ./Z3 and VQ?S/

/V

/1

0 8 14 0 8 14
ko, -version ku,-version

One convenient way of seeing how the exact sequence (11.10) can be used to relate
ko.(X) and ku,(X) is to draw ko,(X) @ ko,(3?X), with differentials for the action of
n. What is left after the differentials should be ku,(X). We have done this for .2(;», in
Figure 15.5. In order to illustrate difficulty (3) listed at the beginning of this section,

we have also included the classes involved in the dr-differential from X°&; 5 to &1 5.

Figure 15.5. Forming % from A; © Y2 A;.

The classes which remain in the left half of Figure 15.5 agree with the left half of
the ku chart in Figure 15.4 except for the filtration of the class in grading 3. The

class in (3,3) in A3 was initially in filtration 0, but had its filtration increased to 3
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for reasons discussed prior to Figure 11.3, so this is an example of difficulty (2) in the
ko-ku comparison.

In the right side of Figure 15.5, note that two classes in grading 13 are hitting
the top class in 12, one due to an Adams differential and the other due to the n
homomorphism. If we had removed the classes involved in the Adams differential, it
would have looked like the ku class in grading 13 should have filtration 6. But if we
had removed the Ext classes involved in the  homomorphism first, then a filtration-0
class in 13 would be left, which is where it should be in the ku chart. Similarly, one
class in grading 14 can be considered to have either filtration 1 or 7, depending on
whether the 7 is considered before or after the Adams differential.

So you can see that the exact sequence works, but care is required. For our final
example, we consider Bs 4, but in much less detail. We compare Figures 4.1 and 4.2.
Proposition 15.1 will add filtration-0 Zs’s to Figure 4.1 in grading 68, 70, 74, 78, 84,
90, 94, 98, and 100.

We make the following observations:

e The lightning flash in the middle of Figure 4.2 plus its double suspension with n
differential exactly gives the v-tower from (81,0) in Figure 4.1, but with filtration 4
larger.

e One justification for the filtration increases of the middle lightning flash and the high
n pair in Figure 4.2 is that the last two classes in the middle lightning flash and the
high 7 pair are both in im(v{). This is not the case in the ku situation for parity
reasons.

e One way to see that n is nonzero on the class in (88,0) in Figure 4.2 is that the
element in grading 89 must be in im(n) because it must map trivially in (11.10) since
the ku group is 0 in grading 89.

o If the high 7 pair in 89 and 90 are lowered to filtration 1 and 2 and the 7 inserted on the
class in (88, 0), the analogue of the analysis like that in Figure 15.5 is straightforward.

16. CONSEQUENCES FOR SPIN MANIFOLDS

In this section, we review the relationship of ko.(K3) to Stiefel-Whitney classes
and immersions of Spin manifolds, and prove Theorem 1.1, building on work done by
the author and W.S.Wilson in [11].
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The generalized homology theory associated to the Thom spectrum MSpin has the
property that MSpin,, (K (Zs, k)) is the set of cobordism classes of pairs (M, x), where
M is an n-dimensional Spin manifold and x € H*(M,Z,). ([3]) By [1], localized at
2, bo is a split summand of MSpin, and so ko, (K (Zs,k)) is a direct summand of
MSpin,, (K (Zs, k)). In particular, all of the elements in our calculation of ko, (K>)
give cobordism classes of pairs, an n-dimensional Spin manifold M together with an
element of H*(M;Z,).

The following result was proved in [10, Theorem 1.2].

Theorem 16.1. Let h : ko (X) — H.(X;Zs) denote the Hurewicz homomorphism.
There exists an n-dimensional Spin-manifold M with nonzero dual Stiefel-Whitney
class Wy (M) if and only if there exists an element o € ko,(K(Zs, k)) such that

(xSa"* 14, hu(a)) # 0.

Here x is the antiautomorphism of the Steenrod algebra, and ¢; is the fundamental
class in H*(K (Zy, k); Zs).

Dual Stiefel-Whitney classes are important because if w.(M) # 0 for an n-manifold
M, then M cannot be immersed in R""*~!. Thus we have the following corollary of

our new result, Theorem 1.1.

Corollary 16.2. The values of n for which there exists an n-dimensional Spin man-
ifold that does not immerse in R*"=3, detected by Stiefel-Whitney classes, are exactly
all 2-powers > 8.

Proof of Theorem 1.1. It was shown in [11, Theorem 1.2] that a necessary condition
for existence of an n-dimensional Spin-manifold M with @, _,(M) # 0is x Sq" " 1), &
im(Sq', Sq?), and in [11, Theorem 1.3] it was shown that x Sq" %1, ¢ im(Sq', Sq?)
if and only if n or n — 1 is a 2-power > 8. It was shown in [6] that ySq* ' =
S S - Sq! and ¥ Sq% % =S Sq¥ T ---S? .

Thus x Sq* 21, = L%e_l. The bottom class of Ay, is dual to ¢2*. This follows from
Definition 9.2 and the definition of gi in Section 10. Since the bottom class of Ay,
supports a nonzero subgroup of kogr+1(Ks) for k > 2, its generator gives the desired

element « in Theorem 16.1.
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On the other hand, the class of lowest grading in our A(1)-module My o equals

X ngm_1 to mod decomposables. This follows from [12, Theorem 2.2] since

ok+1 1
- 5q" Lg = Upya,

Sq
a multiplicative generator of H*(K3). By Definition 9.2 and its adaptation to A2,
M9 occurs at the end of fAlZ Its class of lowest grading supports a differential. To
see this, note that in Definition 3.19, Mo becomes the Z2k+1M£ at the end of the
sequence defining & ;. (M2 has an additional 52" since &1y is for Ay, while A? is
for Az.) In forming (3.20), ¥72""" My, started as 22" M, , but had its bottom cut
down by differentials k£ — 2 times, turning it into »2 V. Because of the differential

-1 Lo, we deduce that when n is of the form 2¢ + 1

on the class arising from x SqZk+
and k = 2, there is no class that works as « in Theorem 16.1.

Using Ay as an example, in Figure 3.21 the class in grading 33 is the class supporting
the differential discussed here. It started as the Y%2MQ at the end of the first row
of (12.1) but became M) after differentials into the X2 M} preceding it and into the

resultant of the arrow preceding that. Its filtration was increased several times. W

17. ko*(K>)

In this section, we state results regarding ko*(K5) and several duality relationships.
As we did for ku*(K3) in [10], we depict charts with ko-cohomology grading increasing
from right to left.

Definition 17.1. We define j}; for k> 2 and (Zzgke)* for 1 < k < ¥ to be the ko-
cohomology charts obtained by applying Extan)(Za, —) to the A(1)-modules A\z and
z’ﬁ,‘j’g defined in Section 10, and incorporating differentials and extensions in the ASS,
and filtration increases of the sort used above. Also Af = S A and (2'By,)* =
ZQHQ(z"B’k’Z)*. We define A} by incorporating dy differentials into Extaqy(Ze, UDN),
similarly to Figure 11.11.

The proof of the following analogue of Theorem 1.3 is identical to that of Theorem
1.3, which appeared in Section 10.
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Theorem 17.2. There is an isomorphism of ko*-modules
kO*(K2) ~ @ @ E2k+2iAz @ @ @ 22k+2i+2z+3j(za(j)8k’2>*
E>1 >0 1<k<£i,j>0

plus a trivial ko*-module.

The next two results, which, with Theorem 17.2, determine ko*(K5), are proved in
Section 18.

Theorem 17.3. For any 1, there is an isomorphism of ko*-modules
(ztgkj)* ~ (z4i_é_tgk7g)2k+2+8i+4—*7 (17.4)

where Zin;,g 18 as determined in Theorem 4.5.

The value of i is irrelevant since (ZT+4[§]€’()*+8 ~ (z’"g)* One would usually choose
i so that 0 < 4i — ¢ —t < 3. Since ko* = ko_,, the right hand side of (17.4) is a
ko*-module. Since we picture ko*(—) charts with gradings increasing from right to
left, the charts on both sides of (17.4) will look the same. For example, the charts in
Figure 4.10 for i = 1, 2, 3 can be interpreted as charts of (2'Bs4)* for t = 3, 2, 1 if
the indicated gradings x are replaced by 52 — .

Theorem 17.5. Fort > 1 and e € {1,2}, A5, _ is (2241 4+ 8t +4)-dual to the chart
described as follows. Let e = 2t +2 —¢ and = 4t + 1, and T = 2%+ + & — 2.
Fore < ¢ < 4t, let D = 2t=¢t2 — 2t=¢'+2 4nd et ¥PES , be a modified version of
ZDEé% which extends the sequence of lightning flashes or portions thereof through
grading T'. The chart is formed from these together with all edges under them with
second subscript < £, and including differentials and extensions among these edges and
subedges as described in Theorems 3.10 and 3.22. There are additional differentials on
the added lightning flashes with ¢’ < e on classes in grading 4 or 5 mod 8. There are
additional classes x € (T'—1,0), y € (T,0), and nx = 2y, with ds(z) # 0. Finally, all
of the new classes (except y and those in Sj’g) have exotic extensions into the classes

above them.

For k < 2, .Z}Z does not quite fit the theorem. In Figures 17.7, 17.8, and 17.9, we
display A} and /TZ for 2 < k <5. Keep in mind that JZZ is always suspended by odd
multiples of 2¥*! in ko*(Ky) if k > 2.
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We illustrate the theorem with .2(; It is 84-dual to a chart which we now describe.
For comparison, use Figure 17.9 with grading x replaced by 84 — x. Start with & 4
in Figure 3.15 with its last lightning flash completed and followed by one more (in
grading 74 to 78). The classes in Figure 3.15 with big dots are hit by differentials,
but the ones with circles do not support differentials. Next we add ¥%&; 4, $'9&7 o,
and X9, (use Figure 3.11 with these replaced by X108, 350&; . and X&) ;)"
extended through grading 78, which means that the latter two must have lightning
flashes completed, and one additional lightning flash added to ¥*°&] 5 in grading 74
to 78. Big dots and circles in these will all take effect. Also add subedges of all of
these with second subscript < 9, but do not extend them. Add classes z and y as in

Theorem 17.5, and insert differentials and extensions as in Figure 17.6, in which the
&5 part should be 11 higher.

"The extra 8 is due to increasing subscripts by 4.
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Figure 17.6. Forming the end of (the 84-dual of) A

Figure 17.7. Charts for £ < 3
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Figure 17.8. A;
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Figure 17.9. A}
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We close this section by discussing Theorem 1.4, which establishes duality between
ko.(Ks) and ko*(K3). Here is the proof. Note that [13, Corollary 9.3] says that
R = ko satisfies the hypothesis of [7, Theorem 3.1] with a = 6, while X = K, has
ko.(X) torsion-free by our calculation or by [2], implying Theorem 1.4 by [7, Theorem
3.1].

Similarly to an observation in Section 8, the actions of -2 and 7 in the Pontryagin
dual appear backwards from the usual interpretation. The duality in Theorem 1.4
applies to each A;. For example compare Figures 2.3 and 17.9. The actual A5 would
have gradings of each increased by 64. The generator g of (koS(Az))Y is the class in
filtration 31. Then 2°¢ is the class in filtration 0, and n?g # 0. This corresponds to
the class in position (0,0) in Figure 2.3. At the other end of the charts, the class ¢’
in (66,0) in Figure 2.3 of order 4 with ng’ # 0 corresponds to the class in (72,1) in
the Pontryagin dual of Figure 17.9.

The duality in Theorem 1.4 also applies to each ztgu. Combining Theorems 1.4
and 17.3 yields

(2'Brs)s = (2'Bre) 0 & (24 Brg)grregios. (17.10)
This gives duality relations among Ztgkyg charts. For example, for 1 <t <3, let i =2
and obtain
(Ztg3,4)* ~ (24_tg3,4)46—*7

an isomorphism as ko,-modules, using the dual action of ko, on the right hand side.
Refer to Figure 4.10. You can observe that the charts for ZggA and 2353,4 are 46-
dual, and the chart for 2283,4 is 46-self-dual. Note how the exotic -2 and 7 extensions
between gradings 32 and 34 in 225374 are dual to the nice part of the chart between
gradings 12 and 14. Using (17.10) with ¢ = 2¢' and t = 2i—{', we obtain the following

generalization.

Proposition 17.11. If ¢ is even and t = g mod 2, then ztl?k,g is (2872 + 4t + 20 — 2)-
self-dual.

18. PROOFS OF ko*(K3) THEOREMS

In this section, we prove Theorems 17.3 and 17.5. We begin by recalling from [12]
results about Ext 4(1)(Z2, —) applied to the A(1)-modules in the splitting of H*(K3).
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For k > 4, let M, = -2"M, be the A(1)-module introduced early in Section
10, and for » > 0 let M;* denote the chart obtained by applying Exta(Z2, —) to
2402, M,,, where 2y M, = Zjy ij./T/l/k is a module defined in [12, Definition 3.3]
and D = [[2/%. In Figure 18.1, we repeat [12, Figure 4.1], which shows M?* for

5 < k <7, illustrating what we hope is an obvious pattern.

Figure 18.1. M*
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In [12, Proposition 2a] it is shown that M[* is formed from M}* by increasing all
filtrations by r and extending to the left using v{-periodicity. See Figure 18.2 for
M2+, Clearly M"™* = $80M;*.

The tableau for (2B ,)* is obtained from that of 2B, by applying * to all the
summands, reversing the order of the list of summands, and reversing the direction
of the arrows. For example, the first (of four) rows of (Bsg)* is obtained from (14.1)
to be

128 1% 121 5 120 3% 113 4% 112 2% 105 A% 104 2% 97 3%
SN LL o I S0 B o B e U226 o 1105 ppde 5104 p2e 597 e

The following result says that if i + j + k¥ = 0 mod 4, then the charts M} and M,i*
are (2(i + j + k) — 5)-dual. We illustrate in Figure 18.2.

Figure 18.2. Dual Mj5’s.

w0 w0

AL AL

3 7 11

Proposition 18.3. Let S =i+ j+ k. If S =0 mod 4, then (M}), ~ (M]*)?5-5=.
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Proof. First note that M}* leaves filtration 0 in the same way that M does when
k + 1 =0 mod 4, by Figures 12.7 and 18.1. Since they have the same k, hence the
same maximal heights, we deduce that if £ +¢ = 0 mod 4, then M} and M* (drawn
cohomologically) are isomorphic up to grading. Next note that M2, ,,, M, 4, M7, 4,
and My, ,, all leave filtration 0 in grading 11 + 8¢, while, for any k, M* does so in
grading 0. With S =8 + 4t and z = 11 + 8¢, 25 — 5 — 2 = 0, so the gradings in the
proposition work if ¢ < 3. Increasing ¢ by 4 adds 8 to where M, leaves filtration 0, so
the proposition is true if j = 0.

If the proposition is true for (i, 7, k), then it is true for all (¢, j, k) with i =4 mod
4, since increasing i by 4 suspends M} by 8. Let (i, j, k) be arbitrary with i+j+k = 0
mod 4. The proposition is true for (¢/,0,k) with ¢/ =i+ j mod 4 and ¢ > j. Since
changing (i, 5) from (i',0) to (i’ — j, j) increases filtration by j in both M} and M}*,
the proposition is true for (¢ — j, j, k) and hence also for (i,7,k). W

The proof of Theorem 17.3 follows from combining Proposition 18.3 with the ob-
servation preceding it about the tableau for ztgk,g. The details are a bit delicate, so
we provide two examples.

The first four terms of the tableau for (zt1§5,9)* are
2128M7(1+t)* « Elleert)* 2120M£3+t)* <_ 2113Mé4+t)*'
By Proposition 18.3, this is isomorphic to
(M3 Y155 = (M V1as—s (M) 17— = (M) 1a0-w
This could also written as
(BME ) 156w < (B M7 Y is6-s (ZOMP ) 1560 < (S'MI ) 1560,

which are the first four terms of the tableau for (23’tg579)156_* (see (14.1)), consistent
with Theorem 17.3.

For a more general verification, we compare dual terms in (10.5). The (2 + 1)st
term in the first half of the tableau for (Ztgkj)* is

8(2k—1_i—1)+8 a(@F 11—t 1) =1+t 2kt2_g; k—2—a(i—1)+ty\x
% : (M4+1/(2’€—17172'+1) ) =X (M4+u(7;) ) :

Since a(i) = a(i — 1) + 1 — v(i), Proposition 18.3 implies that this equals

—k—t+a(i)+1+4j
(M4+y(i) )2’€+278i+8j+37*7

(18.4)
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where j is chosen so that —k — ¢+ (i) + 1+ 45 > 0. The (2i + 1)st term in the first
half of the tableau for (2%7"*By, ()or+2 4 5j44_s 15

Qi+1 g fl—k+o(i)+1+4j—0—t
(E M4+1/(i) )2"‘+2+8j+47*-

With a little manipulation, this equals (18.4).

Proof of Theorem 17.5. 1t is easy to verify, using Proposition 18.3, that the tableau
for A3, _ is (220441 4 8¢ + 4)-dual to that of Eiyo_carp1> €xcept at the right end. We
illustrate with ,2(;; We write each row of the tableau for & 4 directly beneath that of
Az, and observe the 84-duality, since 84 = 65 4 (2 - 12 — 5).

264M$* « 257Mf* 256]\/[2* « 249M§* 248M§* « 241Mj* Z40Mi* « ZSSMg*

SMPETtMy  SMPESCM) SUMPESMM] SPM{ESPMG (185)

SI2N0 - BB SUMP DM RN YOMZ SEMY -V
SEME I nns wiyTE sy )T e S w S e (18.6)
The chart Vj* is formed from Extaq)(Z2,Ze ® L °NU) with d*™ differentials,
similarly to Vj discussed early in Section 11. The module NU is shown in Figure
11.1, and Ext (1) (Z2, 278NU) is easily calculated to be the black part of Figure 18.7,
which includes Exta(1)(Z2,Z2) in red, and a d® differential, relevant for VZ*. The
right side of Figure 18.7 shows the result after filtrations are increased to make the
differential a d'. Except for the classes in grading 6 and 7, it looks like a Moore
spectrum M (2%71). The n extension from —2 to —3 follows from (11.2).

Figure 18.7. Forming V'
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We illustrate the proof using £ = 5, but the argument clearly generalizes. It seems
easiest to use the gradings of &4 and dualize (84 — x) the gradings of Az. Until the
end part of their tableaux (VZ* or X% M7,), the charts and differentials in forming ,Z’g
and & 4 are the same. In Figure 18.8, we compare V;* (with the dual gradings) and

Y04 MY,. Note especially that their lower edges agree in grading > 83.
Figure 18.8. Comparing V7" and X% M/}!

5764 3,70
Ve (dual gradings% . 1

“S£

7 83 87 67 71 75 79 83 87

In forming &7 4, the XM, will be modified four times, to @XMy, then ¥ MY,
then ®7X51M2, and finally ®5X4M2| by having its lower edge hit a lightning flash
with a d'. These lightning flashes are first X7 M?, then the result of the 22 preceding
it, then the result of the first two arrows of the second row of (18.6), and finally the
result of the arrows in the second row of (18.5). This hitting into lightning flashes
will also take place in forming ﬂ’g, each time reducing the M(2*) by one 2-power,
until after four such d'’s, it has vanished (except for the classes in 77 and 78).

The difference between forming &5 4 and .Zg is that prior to grading 83 these four
stable lightning flashes, which in forming &5 ¢ were interacting with parts of the mod-
ifications of 264MY,, have nothing to interact with in forming Az. So they are present
in .Z;, as extensions of sequences of lightning flashes that were modified in forming
& 9. Beginning in grading 82, they are terminated. The differentials and extensions
among these lightning flashes follow for many reasons: wv{-periodicity from earlier

ones, comparison with ku, or Toda bracket arguments.
[ |
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19. APPENDIX: NOTATION AND SOME TERMINOLOGY

In this appendix, we list our specialized notation and a few items of terminology,

in roughly alphabetical order.

Ay

§1

§1

§2, Thm.3.1
§1, §12
§13.3
Def.17.1
Def.17.1
Def.9.2
§10

§10

§1

§1

§1

84

§1, §4
84
Def.9.2
§10

89

§11
Def.9.1
Def.4.3
§8

88

§3, Thm.6.6
Def.3.8
§8

summand of ku*(Ks)

ko, analogue of A

EiQkHAk

ku, analogue of Ay

%" e,

ko* analogue of A

N2 A

FE,y-submodule of H*(K3) corresponding to Ay
A(1)-module analogue of A,

subalgebra of Steenrod algebra generated by Sq' and Sq?
number of 1’s in binary expansion of n

2-primary Adams spectral sequence

summand of ku*(K3)

summand of ku*(K>) corresponding to two By's and Sy ¢
ko, analogue of By,

S 2By

Ej-submodule of H*(K5) corresponding to By g
A(1)-submodule of H*(K>) corresponding to By,

1th generator or v-tower from bottom of an E;-module M
complexification ko — ku

a certain Fj-submodule of H*(K5)

a chart which appears in "B,

differential in ASS for ku*(K3), increasing y by r
differential in ASS for ku.(K,), increasing y by r

edges which form ko, (K>) and ko*(Ks)

pre-edges: &, prior to certain differentials

subalgebra of Steenrod algebra generated by Qg and (),
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E5 page 87, 89 the initial stage of a spectral sequence
n §2 nonzero element of ko; (corresponds to Hopf map)
fv(2) Thm.6.6, Table 1  function telling how many classes hit by differentials
P’ Def.3.18 increases filtration of a chart by ¢
[k §9 exterior algebra on {y; : i > k}
ho, hy §11 elements in Ext corresponding to 2 and 7
I Def.4.3 a height function
H*(K,) §8 cohomology with Zs coefficients
I Def.6.1 &1k in grading < 8
J (k1) Def.9.1 a useful function
K, §1 Eilenberg-MacLane space K (Zo,2)
ko, §1 connective KO homology
ko* §1 connective KO cohomology
Ky §1 connective KU homology
ku* §1 connective KU cohomology
Kic(x,y) Def.6.4 charts depicted in Figure 6.5
L(8a) §13.1 label of W8T < T8
Ly (z,y) Def.6.1 charts depicted in Figure 6.2
Ay §8 exterior algebra on {z; : i > k}
lg(7) Thm.6.3 [log,(7)]
lightning flash  §1 a frequently-occurring chart with 6 classes
M, §8 Ei-modules from [10]
M, 89 ku* chart for the module M
M, §10 A(1)-module corresponding to Mj
M, §10 22 M,
M; 83 ko, chart for M r with filtrations decreased by i
M; §15 A(1)-module with chart M}
M; §13.2 ku analogue of the chart M}
M §18 ko-cohomology analogue of M}
]\//_74S Def.3.5 My with 0 or 1 classes adjoined
stably M Def.3.7, §13 the behavior of any M} in large gradings
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MSpin
N
NU
v(n)
P
pre-edge
MV
q
Qo

O
R

S
Sq’
Sk,

(M)

Def.3.19, §12
§16

Figure 8.5
§10

§9

§10
Def.3.8

§1, §8, §17
§8

§8

§8

§6
throughout
§10, §13.2, §16
§1

§9

§10

§8

§1, §8

§3
Def.3.19
Thm.1.1, 16.1
§13.1

§13.1

§16

§8

§9

§9

§1

§8, 89

§9

mod n Moore spectrum or ko, (M (n))

Spin cobordism spectrum

an Ej-module which admits structure of A(1)-module
an A(1)-module corresponding to the Ej-module y; N
the exponent of 2 in n

the Poincaré series of a graded vector space

generic term for &,

The Pontryagin dual, Hom(M,Z/2%), of M

an element of HY(K>)

another name for Sq’

the Milnor primitive Sq® + Sq?Sq!

ko, in grading 0, 1, and 2

i-fold suspension, raises grading by

generators of the Steenrod algebra

a factor of summands of ku*(K3)

ith generator or v-tower from top of an E;-module M
A(1)-module corresponding to ;

generator of ku~2 or kuy; Bott periodicity element
portion of a ku* or ku, chart consisting of elements v'x
filtration-4 element of kog; Adams periodicity element
initial step in forming & j

dual Stiefel-Whitney classes

3" M term in a tableau

W™ with subscript of M decreased by i

the antiautomorphism of the Steenrod algebra
element of H*(K>)

2k—1
A

term in C} containing y{ as factor
group of order 2

an element of H? “+2(K,)

2
Ry Rl Zj—1
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Z §9 g1 21
2y My, §10 = zj, -+ 2, M}, is an A(1)-module from [12]
2t §4 product of i distinct 32" 2;’s
2By §1, §4, §10 chart like By, but built from M
2B §4, §10, §14 N2 LB,
2'By, §17 ko* analogue of z'By ¢
2By, §17 ko* analogue of 2By,
z(n) Def.9.1 [z, where n = > 2%
REFERENCES

D.W.Anderson, E.H.Brown, Jr., and F.P.Peterson, The structure of the Spin cobordism ring, Annals of
Math 86 (1967) 271-298.

D.W.Anderson and L.Hodgkin, The K -theory of Eilenberg-MacLane complezes, Topology 7 (1968) 317—
329.

M.F.Atiyah, Bordism and cobordism, Math Proc Camb Phil Soc 57 (1961) 200—208.

W.Browder, Torsion in H-spaces, Annals of Math 74 (1961) 24-51.

D.M.Davis, Generalized homology and the generalized vector field problem, Quar Jour Math Oxford 25
(1974) 169-193.

, The antiautomorphism of the Steenrod algebra, Proc Amer Math Soc 44 (1974) 235-236.
D.M.Davis and J.Greenlees, Gorenstein duality and universal coefficient theorems, Jour Pure Appl Alg
227 (2023) paper 107265, 12 pp.

D.M.Davis and M.Mahowald, v;-periodic homotopy of Sp(2), Sp(3), and S®*, Lecture Notes in Math,
Springer-Verlag 1418 (1990) 219-237.

D.M.Davis, D.C.Ravenel, and W.S.Wilson, The connective Morava K-theory of the second mod p
Eilenberg-MacLane space, submitted, arXiv 2206.14035.

D.M.Davis and W.S.Wilson, The connective K-theory of the Eilenberg-MacLane space K(Zy,2), Glas-
gow Math Jour 66 (2024) 188-220.

, Stiefel-Whitney classes and nonimmersions of orientable and Spin manifolds, Topology and
Appl 307 (2022) paper 107780, 14 pp.
| The connective KO-theory of the Filenberg-MacLane space K(Z2,2), I, the Ey page, sub-
mitted, arXiv 2410.23094.

M.Mahowald and C.Rezk, Brown-Comenetz duality and the Adams spectral sequence, Amer Jour Math
121 (1999) 1153-1177.

W.S.Wilson, A new relation on the Stiefel-Whitney classes of Spin manifolds, Tll Jour Math 17 (1973)
115-127.

DEPARTMENT OF MATHEMATICS, LEHIGH UNIVERSITY, BETHLEHEM, PA 18015, USA
Email address: dmd1@lehigh.edu



